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Abstract 

We use astrophysical data to shed light on fundamental physics by constraining parametrized 
theoretical cosmological and gravitational models. 

Gravitational parameters are those constants that parametrize possible departures from 
Einstein's general theory of relativity (GR). We develop a general framework to describe 
torsion in the spacetime around the Earth, and show that certain obscrvables of the Gravity 
Probe B (GPB) experiment can be computed in this framework. We examine a toy model 
showing how a specific theory in this framework can be constrained by GPB data. We 
also search for viable theories of gravity where the Ricci scalar R in the Lagrangian is 
replaced by an arbitrary function f{R)- Making use of the equivalence between such theories 
and scalar-tensor gravity, we find that models can be made consistent with solar system 
constraints either by giving the scalar a high mass or by exploiting the so-called Chameleon 
Effect. We explore observational constraints from the late-time cosmic acceleration, big 
bang nucleosynthesis and inflation. 

Cosmology can successfully describe the evolution of our universe using six or more ad- 
justable cosmological parameters. There is growing interest in using 3-dimensional neutral 
hydrogen mapping with the redshifted 21 cm line as a cosmological probe. We quantify 
how the precision with which cosmological parameters can be measured depends on a broad 
range of assumptions. We present an accurate and robust method for measuring cosmolog- 
ical parameters that exploits the fact that the ionization power spectra are rather smooth 
functions that can be accurately fit by 7 phenomenological parameters. We find that a 
future square kilometer array optimized for 21 cm tomography could have great potential, 
improving the sensitivity to spatial curvature and neutrino masses by up to two orders of 
magnitude, to AfJ^ ^ 0.0002 and Arriu ~ 0.007 eV, and giving a Aa detection of the spectral 
index running predicted by the simplest inflation models. 
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Chapter 1 



Introduction 



Study of gravitation and cosmology has a long history, tracing back to antiquity when a 
number of Greek philosophers attempted to summarize and explain observations from the 
natural world, and has now evolved into two successful and flourishing areas. Since Ein- 
stein's general theory of relativity (GR) was first proposed about ninety years ago, it has 
emerged as the hands-down most popular candidate for the laws governing gravitation. 
Moreover, during the past decade a cosmological concordance model, in which the cosmic 
matter budget consists of about 5% ordinary matter (baryons), 30% cold dark matter and 
65% dark energy, has emerged in good agreement with all cosmological data, including the 
cosmic microwave background observations, galaxy surveys, type la supernovae, gravita- 
tional lensing and the Lyman-a forest. 

Why is gravitation on an equal footing with cosmology in this thesis? This is because 
they are closely related subjects: gravitation is the theoretical foundation of cosmology, 
and cosmology can test gravity on the scale of the universe. Gravitation has influenced 
cosmology right from the start: the modern Big Bang cosmology began with two historical 
discoveries, the Hubble diagram and the Friedmann equation. As an application of GR, 
the latter predicted the possibility of an expanding universe. In recent years, attempts 
have been made to explain away the dark energy and/or dark matter by modifying GR. 
So-called /(i?)-gravity [M l25l [5^ IHm IMl [6^ [73l l76l ISTl [T85l M 
which generalizes the gravitational Lagrangian to contain a function of the curvature R, 
can potentially explain the late-time cosmic acceleration without dark energy, or provide 
the inflaton field in the early universe. DGP gravity [77j . named after its inventors Dvali, 
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Gabadadze and Porrati, adopts a radical approach that assumes that a 3-dimensional brane 
is embedded in a 5-dimensional spacetime, and also claims that it can reproduce the cosmic 
acceleration of dark energy. The approach of Modified Newtonian Dynamics (MOND) [169j . 
in particular the relativistic version ~ Bekenstein's tensor-vector-scalar (TeVeS) theory |28] 
- purports to explain galaxy rotation curves without dark matter. 

Turning to how cosmology has influenced gravitation, the cosmological concordance 
model assumes that the expansion and structure formation of the universe are governed 
by equations derived from GR, mostly to linear order. It is therefore not a surprise that 
modified theories of gravity can imprint their signatures on the expansion history and the 
density perturbations of the universe. Recent research in this direction has undergone rapid 
progresses towards the so-called Parametrized Post-Friedmann formalism |33i 11161 1117j that 
can in principle use the avalanche of cosmology data to test gravity on scales up to the cosmic 
horizon. 

In a nutshell, gravitation and cosmology are united. To test both — which is the 
subject of this thesis — we will generalize the standard models of both gravitation and 
cosmology, such that our ignorance can be parametrized by a few constants, and constrain 
those constants with astrophysical data. 

1.1 Testing gravity 
1.1.1 Was Einstein right? 

Einstein's GR has been hailed as one of the greatest intellectual successes of human beings. 
This reputation is a consequence of both its elegant structure and its impressive agreement 
with a host of experimental tests. In Relativity, space is not merely a stage where events 
unfold over time as it was in Newtonian mechanics. Rather, space-time is a unified entity 
which has a life of its own: it can be sufficiently curved to form an event horizon around 
a black hole, it can propagate ripples in "empty" space with the speed of light, and it can 
expand the universe with the driving force given by the matter and energy inside it. 

In GR and most generalized gravity theories, spacetime is, in mathematical language, a 
manifold whose geometry is dictated by the metric, a tensor defined at each location. GR 
contains two essential ingredients that experiments can test. The first is how spacetime 
influences test particles (particles small enough that they do not significantly change the 
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Table 1.1: The PPN parameters, their significance and experimental bounds. Contents of 
this table except for the GPB entry are taken from Table 2 of [268j and Table 1 of [267]. 



spacetime around them) such as photons or astrophysical objects. In the absence of non- 
gravitational forces, test particles move along geodesies, which are generalized straight lines 
in GR. I term experiments that use a planet or a light ray to probe the metric around 
a massive gravitating object (Sun or Earth) as geometric tests of GR. Geometric tests 
have included the well-known weak-field solar system tests: Mercury's perihelion shift, 
light bending, gravitational redshift, Shapiro time delay and lunar laser-ranging. An on- 
going satellite experiment. Gravity Probe B, that measures the spin precession of free- 
falling gyroscopes, falls into this category too, since the spin precession is a response to 
the spacetime metric that arises from both the mass (geodetic precession) and the rotation 
(frame-dragging effect) of Earth. Additionally, the LAGEOS [62] experiment has directly 
confirmed the frame-dragging effect on the orbits of test particles around the rotating Earth. 

In the weak-field regime, there exists a mature formalism, the so-called Parametrized 
Post-Newtonian (PPN) formalism, that parametrizes departures from GR in terms of a few 
constants under certain reasonable assumptions. Thus the success of GR in this regime can 
be fully described by the observational constraints on these PPN parameters near their GR 
predictions, as summarized in Table [TTTl 
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The second part of GR describes how matter, in the form of masses, pressures and 
sometimes shears, curves the spacetime around them. Specifically the metric and matter 
are related by the Einstein field equation (EFE). I term any experiments that test EFE 
dynamical tests. The linearized EFE predicts the existence of gravitational waves, i.e. 
propagation of tensorial gravitational perturbations. The upcoming experiments LIGO and 
LISA are direct probes of gravitational waves from black holes or the primordial universe. 
An indirect probe is the observation of the damping of binary orbits due to gravitational 
radiation reaction in the binary pulsars. Upcoming observations of strong-field binary com- 
pact objects and black-hole accretion will be exquisite dynamical tests of GR. In addition, 
as mentioned above, cosmology can test the EFE, since the cosmic expansion and structure 
formation are determined by the zeroth and linear order EFE. 

1.1.2 Generalizing GR 

As mentioned, since GR is the foundation of both modern gravitation and cosmology the- 
ory, testing GR is of central interest in the science community. Two popular approaches 
have been taken to test GR in a broader framework. The first approach is to general- 
ize GR in a model-independent fashion by making a few assumptions that are valid in a 
certain limit, and parametrize any possible extensions of GR by a few constants. For ex- 
ample, the PPN formalism |246l 1263^ I264j parametrizes theories of gravity in the weak-field 
limit with 10 PPN parameters (see Table II. ip that can be constrained by solar-system test 
data. The developing Parametrized Post-Friedmann (PPF) formalism, as a second example, 
parametrizes the cosmology of modified gravity theories to linear order in cosmic density 
perturbations and may end up with a few PPF parameters too, that may be constrained 
by cosmological experiments in the future. The second approach to testing GR is to follow 
the debate strategy: if we can rule out all modified theories of gravity that we can think 
of, then GR becomes more trustworthy. Arguably the most beautiful aspect of GR is that 
it geometrizes gravitation. Consequently, there are at least three general methods that can 
generalize GR, corresponding to different geometries. 

The first method is to introduce extra dynamical degrees of freedom in the same geom- 
etry as GR. The geometry where GR is defined is the so-called Riemann spacetime, that 
is completely specified by the metric g^u{x), a tensor at each spacetime position. In the 
Riemann spacetime, a free-falling particle moves along a covariantly "constant" velocity 
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curve, in the sense that the 4D velocity vector dx^/dr has vanishing covariant derivative 
(D . . . /Dt), because the change in the absolute differentiation (d. . . /dr) is compensated 
for by a term involving the so-called connection that characterizes a curved manifold and de- 
fines the spacetime curvature R. The connection and curvature are not free in the Riemann 
spacetime — they are defined in terms of the metric and its 1st and/or 2nd derivatives. 
The dynamics of Einstein's GR is given by the simple action, S = (1/2k) J d'^x^J—g R, 
from which EFE is derived. Here k = 8itG/c'^, where G is Newton's gravitational con- 
stant and c is the speed of light. The factor ^/—g is inserted so that d'^x^J—g is covariant 
(i.e. unchanged under arbitrary coordinate transformations). The outstanding simplicity 
of GR is that it contains no free parameters, given that G is fixed by the inverse-square 
law in the Newtonian limit. To generalize GR, however, one trades off the simplicity for 
the generalization. For example, one can take the action to contain, in principle, arbitrary 
functions of the curvature, i.e. 5 = (1/2k) J d'^XyJ—g f{R) — which defines so-called f{R) 
gravity. A new scalar field (p with arbitrary potential and couplings to the metric can also 
be introduced into the action — this is so-called scalar-tensor gravity. In fact, f{R) gravity 
is equivalent to a special class of scalar-tensor gravity theories. Additionally, the action can 
include even more fields (vector fields plus scalar fields), as in the so-called TeVeS (standing 
for "tensor- vector-scalar" ) gravity, a relativistic version of MOND. 

The second method to generalize GR is to generalize the geometry such that the emer- 
gent degrees of freedom in the spacetime manifold are dynamic variables. The simplest 
extension to Riemann spacetime is the so-called Riemann-Cartan spacetime with nonzero 
torsion. In a nutshell, torsion is the antisymmetric part of the connection mentioned ear- 
lier - in Riemann spacetime the connection is constrained to be symmetric, so allowing 
for non-zero torsion relaxes this constraint. The geometry of Riemann-Cartan spacetime is 
pinned down by the metric and torsion ~ the so-called U4 torsion theory is established in 
terms of these two pieces. Just as Riemann spacetime is a special case of Riemann-Cartan 
spacetime with zero torsion, there is an exotic brother of the Riemann spacetime, so-called 
Weitzenbock spacetime, that is characterized by zero total curvature. That means that 
gravitation in the Weitzenbock spacetime is carried only by torsion, e.g. in the Hayashi- 
Shirafuji theory [lOl] and teleparallel gravity [68l Ej- It is even possible to extend the 
geometry more generally than the Riemann-Cartan spacetime, as illustrated by Figure ll-l^ 
and use more spacetime degrees of freedom to gravitate differently. 
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The third method is to generahze the dimensionality of the spacetime. Spacetime with 
extra dimensions was first considered by Kaluza in 1919 and Klein in 1926. Despite the 
failure of their old theories, modern versions of Kaluza-Klein theory continue to attract 
attention. A typical example is the above-mentioned DGP theory which exploits the per- 
spective that the ordinary world is a (3+l)-D brane to which electromagnetism, the strong 
and the weak forces are confined, with gravitation extending into the (4+l)-D bulk. 

Theories in all of the above three categories might explain away dark matter or dark 
energy, or may be of exotic phenomenological interest. In this thesis, we will focus on 
the first two categories, in particular f{R) gravity and torsion theory, and give further 
introductions in more details below. 

1.1.3 fiR) gravity 

There are two important classes of f{R) theories: massive f{R) theories and f{R) dark 
energy (DE) theories. Interestingly, both classes were motivated by two accelerating eras in 
the universe. Massive f{R) theories, namely polynomials f{R) = —2A + R + aR? + bR^ . . ., 
contain higher order corrections that dominate over the linear GR Lagrangian f{R) = — 2A+ 
R in the early universe, as the curvature was presumably larger in the past. More subtly, 
an f{R) theory is equivalent to a scalar-tensor gravity theory, and in the massive f{R) 
case, the emergent scalar field can roll down the emergent potential, which drives inflation 
at early times. In contrast, the /(i?)-DE branch, exemplified by R"^ {m < 0), is motivated 
by explaining dark energy that causes the late-time cosmic acceleration. Naively, since R 
is small at late times, negative powers of R dominate over the linear GR Lagrangian, and 
the emergent scalar field can have negative pressure, thus driving the late-time acceleration 
and explaining dark energy. 

However, the archetypal /(ii)-DE model, f{R) = R — /R for ^ w Hq [54], where Hq is 
the Hubble constant at today, suffers from serious problems. First, the theory does not pass 
solar system tests |60 1 173 1 ^76 1 181j. Although the Schwarzschild metric can naively solve the 
field equations for this theory, it can be shown that it is not the solution that satisfies the 
correct boundary conditions. In fact, it has been shown that the solution that satisfies both 
the field equations and the correct boundary conditions has the PPN parameter 7 = 1/2, 
so this theory is ruled out by, e.g., Shapiro time delay, and deflection of light. Second, the 
cosmology for this theory is inconsistent with observation when non-relativistic matter is 
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Table 1.2: A short list of torsion theories of gravity. The "DOF" in the second column 
is short for "degrees of freedom" . In the column Vacuum, "N" refers to non-propagating 
torsion in the vacuum while "P" means propagating torsion. In the column Source, "spin" 
refers to intrinsic spin, "mass" means non-rotating mass, and "rotation" means rotational 
angular momentum. 



present [10] . 

Does this mean that /(i?)-DE theories are dead? The answer is no. In Chapter 3, we 
exploit the so-called Chameleon effect, which uses non-linear effects from a very specific 
singular form of the potential to hide the scalar field from current tests of gravity. In other 
words, the Chameleon /(i?)-DE models are still consistent with both solar system tests 
and the late-time cosmic acceleration. We will constrain the gravitational parameters that 
parametrize the departure from GR in the Chameleon /(i?)-DE models, using solar system 
tests and cosmological tests in Chapter 3. 

1.1.4 Torsion theories 

As illustrated in Figure ll-l[ for the most general manifold with a metric g and a connection 
F, departures from Minkowski space are characterized by three geometrical entities: non- 
metricity (Q), curvature (i?) and torsion (S), defined as follows: 



Q P 



(TP 



-pP I -pP -po 



-pP -pa 



TP, 



(1.1) 

(1.2) 
(1.3) 
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Q=0 
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Einstein-Weyl 
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Figure 1-1: Classification of spaces (Q,R,S) and the reduction flow. Metric-Affine spacetime is a manifold 
endowed with Lorentzian metric and linear affine connection without any restrictions. All spaces below it 
except the Weyl-Cartan space are special cases obtained from it by imposing three types of constraints: 
vanishing non-metricity tensor Q^i/p (Q for short), vanishing Riemann curvature tensor R^upa {R for short), 
or vanishing torsion tensor S^^J' {S for short). A plus sign in a parenthesis indicates a non- vanishing quantity 

from the set {Q,R,S), and a minus sign a vanishing quantity. For example, Riemann spacetime ( — ! ) 

means that Q — S = but R 0. Weyl-Cartan space is a Metric- AfBne space with vanishing "tracefree 
nonmetricity" Qpi/p {Q for short), defined by Q^^p = Qi_wp — j{tT Q)f_igvp- The trace of the nonmetricity 
is defined by (tr Q),t = g"''Qp.vp', thus Q is automatically trace free, i.e., (trQ)^ = 0. Subsets of this 
classification scheme are shown in Fig. 2 of [106] . Fig. 1 of [209] and Fig. 5 of [96]. Among the terms, Einstem- 
Weyl, Wettzenbock and Minkowski spaces are standard, Metric-Affine, Weyl-Cartan, Riemann-Cartan and 
Riemann spaces follow |106) , and we here introduce the terms Weitzenbock- Weyl and Minkowski- Weyl space 
by symmetry. 
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In GR, spacetime is distorted only by curvature, restricting non-metricity and torsion to 
vanish. In Riemann-Cartan spacetime, gravitation is manifested in the terms of nonzero 
torsion as well as curvature. There have been many attempts to construct gravitational 
theories involving torsion, as shown in Table II. 2[ However, testing torsion in the solar 
system was not a popular idea in the old-fashioned theories for the following two reasons. 
First, in some torsion theories, e.g. C/4 theory |108j and Pagels theory [194j . the field 
equations for the torsion are in algebraic l] rather than differential form, which means 
that torsion cannot propagate into the vacuum. Second, it is well-entrenched folklore that 
the source of the torsion can only be the intrinsic spin of elementary particles, not the 
mass or the rotational angular momentum of a massive object. That means that, even if 
torsion could propagate and exist in the vacuum, since the net spin polarizations of the Sun 
and Earth are negligible, the torsion should still vanish in the solar system. This second 
assumption also implies that even if torsion were present in the solar system, it would 
only affect particles with intrinsic spin (e.g. a gyroscope with net magnetic polarization) 
[la EH Eni EH [Ha [Wl ESa ETS], whUe having no influence on the precession of a 
gyroscope without nuclear spin [187^123711272) such as a gyroscope in Gravity Probe B. The 
upshot is that any torsion theory that makes either of two above assumptions has already 
found itself in a position that can never be ruled out by solar system tests. Such a torsion 
theory can have noticeable effects only in extreme situations, e.g. near neutron stars with 
net magnetic polarizations. 

Whether torsion does or does not satisfy these pessimistic assumptions depends on what 
the Lagrangian is, which is of course one of the things that should be tested experimentally 
rather than assumed. Taken at face value, the Hayashi-Shirafuji Lagrangian [lOlJ and 
teleparallel gravity provide an explicit counterexample to both assumptions, with even a 
static massive body generating a torsion field. They show that one cannot dismiss out of 
hand the possibility that mass and angular momentum sources non-local torsion (see also 
Table [L2]) . In Chapter 2, we show that gyroscope experiments such as Gravity Probe B 
are perfect for testing torsion in non-conventional torsion theories in which torsion can be 



^For example, in U4, theory, both the affine connection and the metric are independent dynamical variables 
with respect to which the action is differentiated in order to get the field equation. Consequently, the second 
field equation is like (the first one for the metric is similar to the Einstein field equation): 

modified torsion = (SttG/c*) x spin angular momentum . 

Since there is no spin in the vacuum, torsion must be identically zero. 
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sourced by rotational angular momentum and can affect the precession of a gyroscope. 

After the work in Chapter 2 [154J was published, it has both generated interest [71 El 
HHl [ml [ISa [Ml and drawn criticism [9ll [Ml [W]. The controversies are on two 
levels. On the technical level, in [154j we developed as an illustrative example a family 
of tetrad theories, the so-called Einstein-Hayashi-Shirafuji (EHS) Lagrangian, in Riemann- 
Cartan space which linearly interpolates between GR and the Hayashi-Shirafuji theory. 
After we submitted the first version of [154J, Flanagan and Rosenthal [91] pointed out 
that the EHS Lagrangian has serious defects. More specifically, in order for the EHS 
Lagrangian to be a consistent theory (i.e. ghost-free and having well-posed initial value 
formulation), the parameters of the EHS Lagrangian need to be carefully pre-selected, 
and in addition the torsion tensor needs to be minimally coupled to matter. Satisfying 
these requirements, however, results in a theory that violates the "action equals reaction" 
principle. Ultimately, then, the EHS Lagrangian does not yield a consistent theory that 
is capable of predicting a detectable torsion signal for gyroscope experiments. It is worth 
noting, however, that Flanagan and Rosenthal paper |91j leaves open the possibility that 
there may be other viable Lagrangians in the same class (where spinning objects generate 
and feel propagating torsion). The EHS Lagrangian should therefore not be viewed as a 
viable physical model, but as a pedagogical toy model giving concrete illustrations of the 
various effects and constraints that we discuss. 

On the level of perspectives, Hehl |103j argued that orbital angular momentum density is 
not a tensor in the field theory since the orbital angular momentum depends on the reference 
point and the point where momentum acts. Therefore the orbital (and rotational) angular 
momentum cannot be the source of torsion. In addition, using the multipole exansion 
method and conservation laws from Noether's theorem, Puetzfeld and Obukhov |210j argued 
that non-Riemannian spacetime can only be detected by test particles with intrinsic spins. 
Their arguments altogether imply that there must be zero torsion in the solar system (no 
source), and that the GPB gyroscopes, since they have no net polarization, cannot register 
any signal due to torsion (no coupling). From our point of view, however, the questions 
of torsion source and coupling have not yet been rigorously settled. The spirit behind 
our work in |154j is that the answers to these difficult questions can and should be tested 
experimentally, and that it never hurts to place experimental constraints on an effect even 
if there are theoretical reasons that favor its non-existence. The history of science is full 
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of theoretically unexpected discoveries. An example is the discovery of high temperature 
superconductivity in ceramic compounds containing copper-oxide planes: only in metals and 
metal alloys that had been cooled below 23 K had superconductivity been observed before 
the mid-1980s, but in 1986 Bednorz and Miiller |180j discovered that the lanthanum copper 
oxide, which is an insulator, becomes a superconductor with a high transition temperature 
of 36 K when it is doped with barium. In the same spirit, we feel that it is valuable to 
constrain the torsion parameters using the GPB data, despite the non-existence arguments 
mentioned above. 

1.2 Cosmology and 21cm tomography 
1.2.1 Cosmological parameters 

Thanks to the spectacular technological advancements in circuits and computers, modern 
cosmologists are fortunate to live in the era of precision cosmology. Using the avalanche of 
astrophysical data from CMB experiments, large scale galaxy surveys, Type lA supernovae, 
Lya forest, gravitational lensing and future probes (e.g. 21cm tomography), cosmologists 
can constrain cosmological parameters to unprecedented accuracies, and in the future may 
even be able to measure cosmological functions in addition to parameters. In this section, 
we will give an overview of cosmological parameters, also summarized in Table [L3l 

Just like there is a concordance theory — GR — in the area of gravitation, there is 
a concordance model — the standard cosmological model with inflation — in cosmology, 
successfully parametrized in terms of merely six cosmological parameters. The standard 
cosmological model is based on the following assumptions: 

1. On large scales, the universe is spatially homogeneous and isotropic (i.e. invariant 
under translation and rotation) and density fluctuations are small. 

2. The correct gravitational theory is GR. 

3. The universe consists of ordinary baryonic matter, cold non-baryonic dark matter, 
dark energy, and electromagnetic and neutrino background radiation. 

4. The primordial density fluctuations are seeded during an inflationary epoch in the 
early universe. 
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By the first assumption, the intimidating non-linear partial differential equations of GR 
can be accurately solved by using Taylor expansions to linear order in the density fluctua- 
tions. Thus, the full description of cosmology consists of two parts: zeroth order (ignoring 
fluctuations) and linear order (concerning perturbations). 

Zeroth order: the cosmic expansion 

To zeroth order, the metric for a spatially homogeneous and isotropic universe is completely 
specified by the so-called Priedmann- Robertson- Walker (FRW) line element, 

= -c^dt' + a{tf ( + r^de^ + r2 sin^ 6dA , (1.4) 
\ 1 — kr^ J 

which has only one free function a{t), describing the expansion of the universe over time, 
and one free parameter k, the curvature of the 3D space. The Hubble parameter is defined 
as H{z) = dlna/dt where the redshift is 1 -|- z = a(ttoday)/o(0- The Hubble parameter is 
both more closely related to observations, and determined by the Friedmann equation 

H{zf = ^piz)-k^, (1.5) 

obtained by applying the EFE to the FRW metric and a perfect fluid with density p and 
pressure p. Here G is Newton's gravitational constant. The Hubble parameter today is 
usually written Hq = lOO/ikms"^ Mpc~^ where h is a unitless number parametrizing our 
ignorance. The measured value is h = 0.73 ± 0.02 from WMAP-hSDSS data pl2] . 

Cosmological parameters and their measured values are summarized in Table II. 3[ A 
critical density pcr = SHq/SttG can be defined such that a universe with total current 
density equal to pcr is flat (k = 0). The matter budget of the universe can be quantified 
by dimensionless parameters as follows: total matter density Jim = Pmfl/pcr, baryonic 
matter density 0,b = pbfi/pcr, dark matter density ^Id = Pdfl/Pcr, massive neutrino density 

= Pufi/Pcr, electromagnetic radiation density Qr = Prfi/Pcn and spatial curvature Qk = 
—kc^/HQ. The subscript "0" denotes the value at the present epoch. The simplest model 
for dark energy is a cosmological constant (c.c.) A, or the vacuum energy, corresponding to 
the parameter JIa = A/3//q. A popular approach to generalizing the c.c. is to assume that 
the equation of state for dark energy w = p\/ p\ is constant. 

These parameters are not all independent, e.g. Q.\ + Qm + f^fc = 1 i^r is negligible) 
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Table 1.3: Cosmological parameters measured from WMAP and SDSS LRG data. Error 
bars are la. This table is adapted from Table 2 of j242j. 



Parameter | Valuc~ 



I Meaning 



Definition 



Matter budget parameters: 



761+0-01^ 
"■"^^^-0.0007 

1050+°'"''*^ 

U.1U0U_Q QQ40 

< 0.010 (95%) 
-0.941"* 



1-0.087 
-0.101 



Total density/critical density 
Dark energy density parameter 
Baryon density 
Cold dark matter density 
Massive neutrino density 
Dark energy equation of state 



fitot — + — 1 ~ 

Qa ^ /i"^pa{1.S8 X lO^^'^kg/m^) 
flb/i^ = n^h^ a: P5/(1.88 X lO^^'^kg/m^) 
= ncdmh^ a: pc/{1.88 X lO^^'^kg/m^) 
f2„h^ = ri„h^ Ki p„/{1.88 X 10^^'^kg/m^) 
pa/pa (approximated as eonstant) 



Seed fiuetuation parameters; 



690+" "'"' 
< 0.30 (95%) 

n oKQ+o.oie 
u.yo.5_Q Q^g 

9861+°-'"''"^ 
u.aoDi_(, 0J42 

-0 040+°-°^^ 



nt +1 



Sealar fiuetuation amplitude 
Tensor-to-sealar ratio 
Sealar spectral index 
Tensor spectral index 
Running of spectral index 



Primordial scalar power at fc — 0.05/Mpc 
Tcnsor-to-scalar power ratio at fc — 0.05/Mpc 
Primordial spectral index at fc — 0.05/Mpc 
nt — —r/8 assumed 

a — dng/dlnfc (approximated as constant) 



Nuisance parameters: 



Rcionization optical depth 
Galaxy bias factor 



b = {Pgi^lsLxyi^) / ^i^)]^ ^'^ large scales, where 
P(fc) refers to today. 



Other popular parameters (determined by those above): 



,+u.uiy 

-0.019 

0416+° '"'" 

"■^^'-0.015 

< 0.024 (95%) 
-0 0030+0 0095 

1272+°'"'*'' 
"■-'^'^-0.0043 

< 0.090 (95%) 

< 0.21 (95%) 

< 0.94 (95%) eV 
n sni +0-042 

0.801_(j 

< 0.33 (95%) 
756+° 



320+° 02<1 



h = ^/(n^,h'^ + n„h^)/(ntot - Ha) 

Sim — Sltot — Ha 

f2b = n^h^ /h^ 



h 

fib 

At 

^.002 
T^.002 



0.730^ 



Hubble parameter 

Matter density/critical density 

Baryon density /critical density 

CDM density /critical density 

Neutrino density/critical density 

Spatial curvature 

Matter density 

Dark matter neutrino fraction 
Tensor fluctuation amplitude 
Sum of neutrino masses 
WMAP3 normalization parameter 

Tensor-to-scalar ratio (WMAP3) 
Density fluctuation amplitude 



Velocity fluctuation amplitude 



ilk - 1 - S^tot 
fu = Pu/Pd 

At - rAs 

A/i, (94.4 eV) X Q,yh^ [1351 

As scaled to fc - 0.002/Mpc: A oo2 ^ 25"^""^ As 
if a ^ 

Tcnsor-to-scalar power ratio at fc = 0.002/Mpc 
as = {47r /(^°°[^(sinx 

a;cosx)]^P(fc)-^^}l/2, X = k X 8h.-^Mpc 



Cosmic history parameters: 



305731^ 

1090.25t°-^5 
1-1-2.2 
-2.7 



11.1^ 



acs+0-059 
0.0634lg;0„0« Myr 

0.3856t°o;r/o Myr 
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^^tV,l Gyr 



Matter-radiation Equality redshift 
Recombination redshift 
Rcionization redshift (abrupt) 

Acceleration redshift 
Matter-radiation Equality time 

Recombination time 

Rcionization time 

Acceleration time 



Age of U 



niversc now 



zoq a; 24074n„ih^ - 1 

Zrcc(r2mh^, Slbh^) given by eq. (18) of [TTsI 

Zion » 92(0.03hT/nbh^)^^^f2m ^ (assuming 
abrupt rcionization; 12411 ) 

Zacc = [(-3™-l)nA/nm]"^^^™-l if m < -1/3 

teq Si(9.778 Gyr)xh-1 /~q[^^o/-tf(z)(l + 
z)]dz 
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Fundamental parameters (independent of observing epoch): 
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Q 
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Oil X 10 PPI 
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_1 PPl 
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0.11 
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XlO" 

XlO" 
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eV 
eV 



3.26 
0.569 

2.69t°;lI"eV 
< 0.26 (95%) eV 
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XlO" 



Primordial fiuetuation amplitude 

Dimensionless spatial curvature 12401 

Dark energy density 

Halo formation density 

Matter mass per photon 

Baryon mass per photon 

CDM mass per photon 

Neutrino mass per photon 

Baryon/photon ratio 

Expansion during matter domination 

Seed amplitude on galaxy scale 



27 



and Urn = + ^d- The mathematically equivalent quantities more closely related to 
observations are LOb = Qbh"^, Ud = ildh"^, = ^mh^i = ^uh"^, dark matter neutrino 
fraction fi, = ^i,/^},^, and sum of neutrino masses nii, ^ (94.4 eV) x Q„h?, since these 
quantities are simply proportional to the corresponding densities. The energy density p of 
these components have simple dependences on redshift: Pm{z) = pmfi{^ + z)"^ , Ph{z) = pKfl-, 
pk{z) = Pk,o{^ + z)"^, and pr{z) = Pr,o{^ + z)'^- Thus, the Friedmann equation relates the 
Hubble parameter to these unitless matter budget parameters, 

H{z) = HoV^A + ^mil + zf + Uril + z)^ + + zf . (1.6) 
First order: the density fluctuations 

To linear order, perturbations come in two important types: gravitational waves and density 
fluctuations. The former propagate with the speed of light without growing in amplitude. 
The latter, however, can get amplified by gravitational instability, and are therefore re- 
sponsible for structure formation. Density fluctuations are so far observationally consistent 
with having uncorrelated Gaussian-distributed amplitudes. It is therefore sufficient to use 
a single function, the so-called power spectrum P{k,z) which gives the variance of the 
fluctuations as a function of wavenumber k and redshift z, to characterize the first-order 
density perturbations. In principle, P{k, z) can be computed by solving linearized EFE 
that involves fluctuations in the metric, energy density, pressure, and sometimes shear. In 
general, P{k, z) depends on three things: 

1. The cosmic matter budget 

2. The seed fluctuations in the early universe 

3. Galaxy formation, including reionization, bias, etc. 

In the currently most popular scenario, a large and almost constant energy density stored 
in a scalar field caused an exponentially rapid expansion a{t) ~ e^* at perhaps t < 10~^^ 
seconds during a period known as inflation. The theory of inflation can successfully predict 
negligible spatial curvature (O^ = 0), and solve the horizon problem that the last scattering 
surface was naively out of causal contact in the non-inflationary standard model while 
the cosmic microwave background radiation (CMBR) is highly spatially homogeneous and 
isotropic {5T/T ~ 10~^). Furthermore, inflation can stunningly explain where seed density 
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fluctuations were created: microscopic quantum fluctuations in the aftermath of the Big 
Bang were stretched to enormous scales during the inflationary epoch. After inflation 
ended, these seed fluctuations grew into the observed galaxies and galaxy clustering patterns 
by gravitational instability. The theory of inflation generically predicts almost Gaussian- 
distributed primordial fluctuations and a nearly scale invariant (n^ ~ 1) adiabatic scalar 
power spectrum with subdominant gravitational waves. In typical inflation models, the 
initial power spectrum can be written in the approximate form 



for the fluctuations in the gravitational potential. Here Ag is the scalar fluctuation ampli- 
tude, and Hg the scalar spectral index, at fegd = 0.05 Mpc^^. The minimal set of cosmological 
parameters approximates to be constant. In a conservative extension, ns{k) runs linearly 
in ln(/c), i.e. 



where a, the logarithmic running of the tilt, is approximated as a constant. In addition to 
scalar perturbations, the tensor perturbations, related to subdominant gravitational waves, 
were seeded with the initial power spectrum written in the same form as Eq. (|1.7p except 
for As and Ug replaced by the tensor fluctuation amplitude At and the tensor spectral index 
nt + 1, respectively. A quantity more closely related by observations is the tensor-to-scalar 
ratio r = At/Ag. 

When seed fluctuations grow into stars, galaxies and galaxy clustering patterns, a num- 
ber of complicated astrophysical processes are triggered by the structure formation and may 
influence the dumpiness. For example, during the Epoch of Reionization (6 < z < 20), the 
newly-formed Pop-Ill stars emitted Lya photons, and x-rays that re-ionized neutral hydro- 
gen atoms in the inter-galactic medium. Some microwave background photons that have 
propagated during billions of years from the distant last scattering surface were scattered 
from the intervening free electrons, generating more anisotropies in the CMBR through the 
so-called Sunyaev-Zeldovich effect. As a consequence, the CMB power spectrum is sensitive 
to an integrated quantity known as the reionization optical depth r. The Epoch of Reion- 
ization is one of the most poorly understood epochs in the cosmic evolution and is therefore 
of particular interest to cosmologists and astrophysicists. 




(1.7) 
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In addition to reionization, the power spectrum of density fluctuations for galaxies or 
gas depends on the hnear bias b. Ordinary baryonic matter cannot gravitate enough to form 
the observed clumpy structure such as galaxies. In the currently most popular scenario, 
instead, the observed galaxies trace dark matter halos. As a result, the observed power 
spectrum from galaxy surveys should be closely related to the real matter power spectrum. 
A simple widely used model is that Pgaiaxy = b'^Pmass on large scales. 

ACDM model 

As discussed above, the power spectrum P{k, z) of density fluctuations depends on the 
cosmic matter budget, the seed fluctuations and nuisance astrophysical parameters. It is 
striking that the concordance model can fit everything with a fairly small number of cosmo- 
logical parameters. In this model, the cosmic matter budget consists of about 5% ordinary 
matter, 30% cold dark matter, < 0.1% hot dark matter (neutrinos) and 65% dark energy. 
The minimal model space, so-called vanilla set, is parametrized by {Vt\,LO[,,LVc, As,ns,T,b), 
setting Vik = ojy = a = r = nt = Q and w = —1. We show a comprehensive set of 
cosmological parameters in Table [L3l 

1.2.2 A brief history of the universe 
Cosmic plasma 

According to the Big Bang theory, the early universe was filled with hot plasma whose 
contents evolved over time through a series of phase transitions. In the very early universe, 
the particle constituents were all types of particles in the Standard Model (SM) of particle 
physics, unidentified dark matter (DM) particles from some extended model of particle 
physics beyond the SM (e.g. lightest supersymmetric particle and/or axions), and an equal 
amount of all corresponding anti-particles. The universe cooled as it expanded. When 
the thermal energy of the cosmic plasma dropped roughly below the rest energy of DM 
particles, DM particles froze out (at t ~ 10"^'^ seconds for typical WIMPs) and have not 
been in thermal equilibrium with other constituents since. DM particles eventually became 
an almost collisionless and cold (non-relativistic) component that constitutes about 20% of 
the cosmic matter budget at the present day. 

As the cosmic temperature kept decreasing, the symmetry between baryons and anti- 
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baryons was broken at t ^ 10~^ seconds. The tiny asymmetry at the level of 10""^ was 
fohowed by matter-antimatter annihilation, forming protons that constitute about 4% of 
the cosmic matter budget at the present day. This is a hypothetical process known as 
baryogenesis. After the baryogenesis, the cosmic hot soup was a cauldron of protons, 
electrons and photons, and a smattering of other particles (e.g. hot neutrinos). 

When the universe was cooled to below about 1 MeV - the mass difference between 
a neutron and a proton - neutrons froze out at t ^ 2 minutes as weak interactions like 
p + e~ n + Ug ceased. Subsequently, protons and neutrons combined to form light 
element such as deuterium (^H or D), tritium (^H) and helium (^He and ^He) in a process 
known as big bang nucleosynthesis (BBN). For example, deuterium forms via p+n — D+7; 
then D + D — > n + ^He, after which ^He + D — > p + ^He. The helium nucleus ('^He) is the 
most stable among light elements, and after BBN, about 75% of baryons in the universe 
are hydrogen nuclei (i.e. protons), while nearly 25% are helium nuclei. 

The freely-moving electrons tightly coupled to photons via Compton scattering and 
electrons to protons and other nuclei via Coulomb scattering, keeping the cosmic plasma in 
equilibrium. All components except for photons were in the form of ions until temperatures 
fell to 3,000 Kelvin, when protons and electrons combined to form electrically neutral 
hydrogen atoms — a process known as recombination. The photons at that temperature 
were no longer energetic enough to re-ionize significant amounts of electrons. The Compton 
scattering process therefore ended, decoupling the photons from the matter. Thus, the 
cosmos become almost transparent to photons, releasing the microwave background. The 
gas temperature continues to drop as the universe expands, so one might expect that the 
cosmic gas would still be cold and neutral today. 

Surprisingly, it is not. To understand why, we take a detour and first review how galaxies 
form, and come back to this question subsequently. 

Galaxy formation 

According to the current most popular scenario, at t < 10~^^ seconds, the universe under- 
went a period of inflation. The cosmic inflation stretched the universe by > 55 e-foldings, 
i.e. a lattice grid was more than e^^ 10^^ times larger than itself before inflation, mak- 
ing the universe extremely flat. After inflation, the universe was approximately spatially 
homogeneous and isotropic because particles at any two largely separated points that oth- 
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Figure 1-2: Cosmic time line: a brief history of the universe from the aftermath of the big 
bang to the present day. 



erwise could by no means have causal contact without inflation may actually be in close 
together during the inflation, and equilibrate their temperatures through the exchange of 
force carriers that would have had time to propagate back and forth between them. 

Cosmic inflation also created seed fluctuations at the level of one part in a hundred 
thousand in the early universe. After the end of inflation, however, the universe was dom- 
inated by radiation, i.e. ultra-relativistic particles that moved fast enough to keep these 
primordial density fluctuations from growing. Fortunately, the energy density of radia- 
tion dropped more rapidly than matter density as the universe expanded; quantitatively, 
p oc a(t)~^ for radiation and p oc a(t)~^ for matter. Consequently, at t 60,000 years, 
matter became the dominant component of the universe, and the fluctuations began to grow 
due to gravitational instability — which means that a region that started slightly denser 
than average pulled itself together by its own gravity. More specifically, the denser region 
initially expanded with the whole universe, but its extra gravity slowed its expansion down, 
turned it around and eventually made the region collapse on itself to form a bound object 
such as a galaxy. 



Reionization: cosmic plasma revisited 

Now we come back to the question: is the present universe filled with mostly neutral hydro- 
gen atoms? Although the terrestrial world is composed of atoms, the intergalactic medium 
hosts the majority of ordinary matter in the form of plasma. Conclusive evidence comes 



32 



from two types of observations. The Wilkinson Microwave Anisotropy Probe (WMAP) and 
other experiments have confirmed that the CMBR is shghtly polarized (in so-called EE 
modes). Since only free electrons (and not neutral hydrogen atoms) scatter and polarize 
this radiation, the amount of polarization observed on large angular scales suggests that 
the neutral gas was rcionizcd into plasma as early as a few hundred million years after our 
big bang. Independent confirmation of cosmic reionization come from the observed spectra 
of the distant quasars that indicates that reionization should be complete by a billion years 
after the big bang. 

The details of cosmic reionization are still a blank page that needs to be filled by 
upcoming observations. There are, however, some plausible pictures that reside in the minds 
of theorists. In the current models, the oldest galaxies are dwarf galaxies that started to form 
at a cosmic age of a few hundred million years. Larger galaxies such as the Milky Way were 
latecomers that were born from the gradual coalescence of many dwarf galaxies. Stars were 
created when the gas in embryonic galaxies got cool and fragmented. The first generation of 
stars, so-called Pop-Ill stars, triggered the nuclear fusion of hydrogen and released energy 
in the form of ultraviolet photons in amounts a million times larger than the energy needed 
to ionize the same mass of neutral gas (13.6 eV for each hydrogen atom). The emitted 
ultraviolet photons leaked into the intergalactic medium, broke the neutral hydrogen atoms 
back down into their constituent protons and electrons, and created an expanding bubble of 
ionized gas. As new galaxies took root, more bubbles appeared, overlapped and eventually 
filled all of intergalactic space. 

Some researchers conjecture that black holes rather than stars may have caused cosmic 
reionization. Like stars, black holes arise from galaxies. Particles that plummeted into 
black holes emitted x-rays in an amount of energy 10 million times larger than the ioniza- 
tion energy of the same amount of hydrogen. The mechanisms of reionization by massive 
stars or black holes can be distinguished by observing the boundaries of ionized bubbles in 
upcoming experiments. Ultraviolet photons emitted by massive stars were easily absorbed 
by the neutral gas, while x-rays from black holes can penetrate deeply into the intergalactic 
medium, so, black holes are associated with fuzzier bubble boundaries. 
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Dark Ages 

Both reionization models predict that the cosmic reionization started to take shape after 
the first galaxies formed at t « 100, 000, 000 years. Between the release of the microwave 
background at t 400, 000 years and the formation of first galaxies, however, there is a 
tremendous gap! During these so-called Dark Ages (DA), the universe was dark since 
ordinary matter was in the form of neutral atoms that were not hot enough to radiate light. 
Since the cosmic matter was transparent to the microwave background photons, the CMB 
photons no longer traced the distribution of matter. However, the DA were not a boring 
period. In fact, the DA arc an interesting embryonic interlude between the seeding of density 
fluctuations and the birth of first galaxies: within the inky blackness, the primordial matter 
clumps grew by their extra gravity and eventually collapsed on themselves into galaxies. 
The secret of galaxy formation is hidden in the DA. 

But how can we probe a period that was by its very nature practically dark? Fortunately, 
even cold hydrogen atoms emit feeble light with a wavelength of 21 centimeters. Below we 
describe how observations of the 21cm line are emerging as a promising probe of the epoch 
of reionization (EoR) and the Dark Ages. 

1.2.3 21cm line: spin temperature 

In quantum mechanics, particles carry an intrinsic angular momentum known as spin. For 
example, a particle with spin 1/2 such as a proton or electron can have its angular momen- 
tum vector point cither "up" or "down"' . In a hydrogen atom, the interaction between the 
spins of the nucleus (the proton) and the electron splits the ground state into two hyperfine 
states, i.e., the triplet states of parallel spins and the singlet state of anti-parallel spins. 
The anti-parallel spin state has lower energy than the parallel spin state, and the transition 
between them corresponds to the emission or absorption of a photon with the wavelength 
of 21 centimeters. For the 21cm transition, the so-called spin temperature Tg quantifies the 
fraction of atoms in each of the two states: the ratio of number densities is 

no go 

Here the subscripts 1 and denote the parallel and the anti-parallel spin state, respectively. 
Hi is the number density of atoms in the i-th state, and gi is the statistical weight (51=8 and 
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go=l), Eio = 5.9 X 10"^ eV = fe/21cm is the energy splitting, and = Eio/ks = 0.068 K 
is the equivalent temperature. 

21cm observations aim to compare lines of sight through intergalactic hydrogen gas to 
hypothetical sightlines without gas and with clear views of CMB. Thus, one should observe 
emission lines if Tg > Tcmh, or absorption lines if Ts < Tcmh- Here Tcmhiz) = 2.73(1 + z) K 
is the CMB temperature at redshift z. 

There are three competing mechanisms that drive T^: (1) absorption of CMB photons; 
(2) collisions with other hydrogen atoms, free electrons and protons; and (3) scattering 
of ultraviolet photons. For the first mechanism, the process of absorption of microwave 
background photons tends to equilibrate the spin temperature with the CMB temperature. 
For the second, spin exchange due to collisions is efficient when gas density is large. The 
third mechanism, also known as the Wouthuysen-Field mechanism, involves transitions from 
one Is hyperfine state to the first excited state 2P and then down to the other Is hyperfine 
state with different spin orientation, which couples the 21cm excitation to the ultraviolet 
radiation field. 

The global history of the intergalactic gas is defined by three temperatures: the spin 
temperature Tg (a measure of the spin excitation) as defined above, the kinetic temperature 
Tfc of the intergalactic gas (a measure of atomic motions), and the microwave background 
temperature T^mh (a measure of the energy of background photons). These temperatures can 
approach or deviate from one another, depending on which physical processes are dominant. 
In a three-way relation (see Figure ll-3p . after an initial period when three temperatures 
are all equal, spin temperature first traces the kinetic temperature, then the background 
temperature, and eventually the kinetic temperature again. 

Initially after the CMB is released, although the neutral atoms are transparent to the 
background photons, free electrons left over from recombination mediate the exchange of 
energy between background photons and atoms via Compton scattering (between photons 
and free electrons) and Coulomb scattering (between free electrons and hydrogen nuclei). 
The kinetic temperature therefore tracks the CMB temperature, and also the spin temper- 
ature due to collisions between hydrogen atoms. Observations of this period will therefore 
find neither emission or absorption of 21cm lines against the microwave background. 

The first transition took place when the universe was about 10 million years old. As 
the universe expanded, the gas was diluted and cooled, and the free electron mediation 
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Figure 1-3: Thermal history of the intergalactic gas 

eventually became so inefficient that the atomic motions decoupled from the background 
radiation at a redshift of about 150 and underwent adiabatic cooling at a more rapid rate 
(Tfc oc a(t)~^) than the cooling of the CMB (Tcmb oc ^(^)~^)- this phase, the spin 
temperature matched the kinetic temperature due to collisions, and neutral gas absorbed 
the background photons. 

When the universe was close to a hundred million years old, a second transition occurred. 
As the gas continued to expand, collisions between atoms became infrequent, and made the 
coupling between kinetic temperature and spin temperature inefficient. As a consequence, 
the spin excitation reached equilibrium with the background photons again. Thus, we 
cannot observe gas from this period. 

After the first stars and quasars lit up, a third transition occurred. The intergalactic 
gas was heated up by ultraviolet photons, x-rays or shocks from galaxies. In addition, 
spin exchange through the scattering of ultraviolet photons became important, coupling 
spin temperature back to approximately the kinetic temperature. Since ffipping the spins 
takes much less energy than ionizing atoms, neutral gas began to glow in 21cm radiation 
well before becoming ionized. Finally, as the hydrogen became fully reionized, the 21cm 
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emission faded away. 



1.2.4 21cm cosmology 

The three-way relation between Tg, and Tcmb determines whether absorption or emis- 
sion hnes, or neither, of 21cm signals can be detected against the microwave background. 
However, the observed quantities from 21cm experiments are not these temperatures. In 
this section we will describe how to extract cosmological information from the 21cm signal. 

The observable in 21cm experiments is the difference between the observed 21 cm bright- 
ness temperature at the redshifted frequency i' and the CMB temperature Tcmb, given by 



where nn is number density of the neutral hydrogen gas, and ~ 2.85 x 10 ^^s ^ is 



physical velocity along the line of sight (r is the comoving distance), which is H{z)/{1 + z) 
on average (i.e. for no peculiar velocity). Here H{z) is the Hubble parameter at redshift z. 

21cm experiments can measure the statistical properties (such as power spectrum) of 
brightness temperature and even map Tg. The brightness temperature is determined by 
four quantities — hydrogen mass density, spin temperature, neutral fraction, and pecu- 
liar velocity. Among them, only fluctuations in the hydrogen mass density can be used to 
test cosmological models, and how to disentangle density fluctuations from other quantities 
remains an open question. Although fluctuations in Tg are poorly understood, this com- 
plication can be circumvented using the fact that the factor {Tg — Tcmb)/Ts is saturated 
to be unity when Tg » Tcmb- This condition is usually satisfied, since the gas should be 
heated enough by ultraviolet photons, x-rays and shocks before and during the reionization. 
Consequently, the fluctuations in the factor {Tg — Tcmb)/?* can be neglected. 

Fluctuations in neutral fraction are important during reionization, and are unfortunately 
also poorly understood. In order to effectively use 21cm lines as probes of cosmology, 
two solutions to the problem of how to disentangle matter density fluctuations from the 
fluctuations in neutral fraction have been proposed in the past. 

1. Since flipping the spin takes much less energy than ionizing an atom, it is plausible 
that there exists a pre-reionization period in which both Tg » Tcmb and xhi = 1 





3c^MionH(x)[Ts(x) - Tcmb] 
327rA;si/2r5(x)(l + zy{dv^\/dr) ' 



(1.10) 



the spontaneous decay rate of 21cm excitation. The factor dv\\/dr is the gradient of the 
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hold. In this period, the matter power spectrum dominates the total power spectrum. 

2. As long as density fluctuations are much smaller than unity on large scales, linear 
perturbation theory will be valid, so the peculiar velocity can be used to decompose 
the total 21cm power spectrum into parts with different dependencies on fj, caused by 
the so-called redshift space distortion, where /x = k-n is the cosine of the angle between 
the Fourier vector k and the line of sight. Only the forth moment in the total power 
spectrum, i.e. a term containing //^, depends on the matter power spectrum alone, 
and all other moments are contaminated by power spectra related to fluctuations in 
neutral fraction. One can in principle separate the term from the contaminated 
terms, and use only it to constrain cosmology. 

In Chapter 4, we will develop a third method that exploits the smoothness of the nuisance 
power spectra and parametrizes them in terms of seven constants at each redshift. Thus, the 
combination of cosmological parameters and nuisance parameters completely dictate total 
power spectrum. This so-called MID method turns out to be as effective as the simplest 
methods for long-term 21cm experiments, but more accurate. 

1.2.5 Prospects of 21cm tomography 

By observing 21cm signal from a broad range of epochs, neutral intergalactic hydrogen gas 
can be mapped by upcoming 21cm experiments. This approach, known as 21cm tomogra- 
phy, is emerging as one of the most promising cosmological probes for the next decades, 
since it encodes a wealth of information about cosmology, arguably even more than the 
microwave background. The reasons behind this optimistic perspective are as follows. 

First, mapping of neutral hydrogen can be done over a broad range of frequencies corre- 
sponding to different redshifts, and is therefore three-dimensional, with the third dimension 
along the line of sight. In contrast, the two-dimensional microwave background is a map 
of anisotropy of radiations in the sky from the last scattering surface, a narrow spherical 
shell at the epoch of recombination. The 3D mapping, in principle, measures a much larger 
number of modes than 2D mapping, and therefore has the potential to measure the matter 
power spectrum and cosmological parameters with less sample variance. 

Second, the range of 21cm tomography goes from the dark ages to the epoch of reioniza- 
tion, which is almost a complete time line of galaxy formation. Mapping of neutral hydrogen 
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along this time line provides an observational view of how primordial density fluctuations 
evolved to form galaxies, a picture that has hitherto only existed in theorists' minds. 

Third, 21cm tomography contains information not only about the matter density fluc- 
tuations that seeded galaxies, but also on the effects that the galaxies, after their formation, 
had on their surroundings, e.g. reionization and heating of the intergalactic gas, etc. Sep- 
arating physics (matter power spectrum) from astrophysics (ionization power spectrum, 
power spectrum of spin temperature fluctuations) can be used not only to constrain cos- 
mology, but to learn about astrophysical process. 

Last but not the least, 21cm tomography can shed light on testing fundamental particle 
physics and gravitational physics. During the dark ages, the spin temperature traces the 
kinetic temperature by collisions of neutral atoms or microwave background temperature 
by absorption of CMB photons. Since no complicated astrophysics (e.g. reionization) takes 
effect during the dark ages, the dark ages are a well controlled cosmic laboratory. Non- 
standard particle physics models may have unusual decay of dark matter which imprints a 
signature on the dark ages. Also, many modified gravitational theories can be distinguished 
by their predictions for galaxy formation. 

However, observers will have to overcome a great deal of challenges. Firstly, the red- 
shifted 21cm signals fall in the low-frequency radio band, from 1.5 m to 30 m. Thus, low- 
frequency radio broadcasts on Earth must be filtered out. In fact, most 21cm experiments 
(except LOFAR) have chosen their sites at low-population spots. Secondly, thermal noise 
is approximately proportional to the wavelength to roughly the 2.6 power, because of syn- 
chrotron radio from our own galaxy. Noise at the ultra low frequency side will therefore 
overwhelm the signal from the dark ages, making observation of the dark ages technically 
unrealistic with the upcoming first generation of 21cm experiments. Even at the higher fre- 
quencies corresponding to the epoch of reionization, synchrotron foreground is about four 
orders of magnitude more intense than the cosmic signal. Fortunately, the foreground spec- 
tra are smooth functions of wavelength and may vary slowly, allowing them to be accurately 
subtracted out. 

To detect the 21cm signal, four first generation observatories — the Murchison Widefield 
Array (MWA) |182j . the 21 Centimeter Array (21CMA) [1], the Low Frequency Array 
(LOFAR) [HH] and the Precision Array to Probe Epoch of Reionization (PAPER) [196] 
— are currently under development. The next generation observatory. Square Kilometre 
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Array (SKA) [226j . is in the fund-raising and design stage. Furthermore, 21cm tomography 
optimized square kilometer array known as the Fast Fourier Transform Telescope (FFTT) 
|245j . which has been forecast to be capable of extremely accurate cosmological parameters 
measurements, has been proposed. The next two decades should be a golden age for 21cm 
tomography, both observationally and theoretically. 

1.3 Road map 

The rest of this thesis is organized as follows. In Chapter 2, we parametrize the torsion 
field around Earth, derive the precession rate of GPB gyroscopes in terms of the above- 
mentioned model-independent parameters, and constrain the torsion parameters with the 
ongoing GPB experiment together with other solar system tests. We also present the 
EHS theory as a toy model of an angular-momentum coupled torsion theory, and constrain 
the EHS parameters with the same set of experiments. The work in Chapter 2 has been 
published in Physical Review D [154j. In Chapter 3, after a review of the equivalence of 
f{R) theories with scalar tensor theories, we explore the Chameleon model and massive 
theories, respectively, focusing on observational constraints. The work in Chapter 3 has 
been published in Physical Review D [86j. In Chapter 4, we explain the assumptions that 
affect the forecast of cosmological parameter measurements with 21cm tomography, and 
also present a new method for modeling the ionization power spectra. We quantify how the 
cosmological parameter measurement accuracy depends on each assumption, derive simple 
analytic approximations of these relations, and discuss the relative importance of these 
assumptions and implications for experimental design. The work in Chapter 4 has been 
accepted for publication in Physical Review D [155j. In Chapter 5, we conclude and discuss 
possible extensions to the work in the thesis. 

The contributions to the work in this thesis are as follows. For |154j . I carried out all 
detailed calculations and plots. Max Tegmark initially suggested the idea of constraining 
torsion with GPB, and he and Alan Guth were extensively involved in the discussion of 
results. Serkan Cabi contributed to the discussion of generalized gravitational theories. For 
[86], Tom Faulkner carried out all detailed calculations and plots. I checked and corrected 
preliminary results. Max Tegmark initially suggested the idea of constraining viable f{R) 
theories, and he and Ted Bunn were extensively involved in the discussion of results. For 
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|155j . I did the bulk of the work, including writing analysis software, inventing the MID 
model parametrization of nuisance power spectra, performing the calculations and consis- 
tency checks. Max Tegmark initially suggested the idea of investigating how forecasts of 
21cm tomography depend on various assumptions and was extensively involved in discus- 
sions of the results as the project progressed. Matt McQuinn contributed his radiative 
transfer simulation results, and he, Matias Zaldarriaga and Oliver Zahn also participated 
in detailed discussions of results and strategy. Oliver Zahn also helped with consistency 
checks of the Fisher matrix results. 
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Chapter 2 

Constraining torsion with Gravity 
Probe B 

2.1 Introduction 

Einstein's General Theory of Relativity (GR) has emerged as the hands down most popular 
candidate for a relativistic theory of gravitation, owing both to its elegant structure and to 
its impressive agreement with a host of experimental tests since it was first proposed about 
ninety years ago [2671 1265} I268j . Yet it remains worthwhile to subject GR to further tests 
whenever possible, since these can either build further confidence in the theory or uncover 
new physics. Early efforts in this regard focused on weak-field solar system tests, and efforts 
to test GR have since been extended to probe stronger gravitational fields involved in binary 
compact objects, black hole accretion and cosmology [TT8 l l259 l IMH IM [2M [232| [233 1 fTT2l 
[m l M [m [571 [TM [T62| [T99 | [2M1 [23n| 
dial [261 [m]. 

2.1.1 Generalizing general relativity 

The arguably most beautiful aspect of GR is that it geometrizes gravitation, with Minkowski 
spacetime being deformed by the matter (and energy) inside it. As illustrated in Fig- 
ure 11-11 for the most general manifold with a metric g and a connection F, departures 
from Minkowski space are characterized by three geometrical entities: non-metricity {Q), 
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curvature (R) and torsion (S), defined as follows: 




(2.1) 



\i/fi 




(2.2) 




2 V ufiJ 



(2.3) 



GR is the special case where the non-metricity and torsion are assumed to vanish identically 
{Q = S = 0, i.e., Riemann spacetime), which determines the connection in terms of the 
metric and leaves the metric as the only dynamical entity. However, as Figure [T-l\ illustrates . 
this is by no means the only possibility, and many alternative geometric gravity theories 



have been discussed in the literature [Ml EHl ESI 1021 EH El HOHl [Ml US [Ml [2231 [13 



12141 [m HZl [13 [52] corresponding to alternative deforming geometries where other subsets 
of {Q, R, S) vanish. Embedding GR in a broader parametrized class of theories allowing 
non- vanishing torsion and non-metricity, and experimentally constraining these parameters 
would provide a natural generalization of the highly successful parametrized post-Newtonian 
(PPN) program for GR testing, which assumes vanishing torsion |267t I265t I268| . 

For the purposes of this chapter, a particularly interesting generalization of Riemann 
spacetime is Riemann- Cart an Spacetime (also known as [74), which retains Q = but is 
characterized by non- vanishing torsion. In C/4, torsion can be dynamical and consequently 
play a role in gravitation alongside the metric. Note that gravitation theories including 
torsion retain what are often regarded as the most beautiful aspects of General Relativity, 
i.e. general covariance and the idea that "gravity is geometry" . Torsion is just as geometrical 
an entity as curvature, and torsion theories can be consistent with the Weak Equivalence 
Principle (WEP). 

2.1.2 Why torsion testing is timely 

Experimental searches for torsion have so far been rather limited |99j . in part because most 
published torsion theories predict a negligible amount of torsion in the solar system. First 
of all, many torsion Lagrangians imply that torsion is related to its source via an algebraic 
equation rather than via a differential equation, so that (as opposed to curvature), torsion 
must vanish in vacuum. Second, even within the subset of torsion theories where torsion 
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propagates and can exist in vacuum, it is usually assumed that it couples only to intrinsic 
spin, not to rotational angular momentum \108\ 12371 1272| . and is therefore negligibly small 
far from extreme objects such as neutron stars. This second assumption also implies that 
even if torsion were present in the solar system, it would only affect particles with intrinsic 
spin (e.g. a gyroscope with net magnetic polarization) [2371 EZH [Ml EHl Ell [651 EH [12] , 
while having no influence on the precession of a gyroscope without nuclear spin |2371 12721 
I187j such as a gyroscope in Gravity Probe B. 

Whether torsion does or does not satisfy these pessimistic assumptions depends on what 
the Lagrangian is, which is of course one of the things that should be tested experimentally 
rather than assumed. Taken at face value, the Hayashi-Shirafuji Lagrangian |101| provides 
an explicit counterexample to both assumptions, with even a static massive body generating 
a torsion field — indeed, such a strong one that the gravitational forces are due entirely to 
torsion, not to curvature. As another illustrative example, we will develop in Section 12.91 
a family of tetrad theories in Riemann-Cartan space which linearly interpolate between 
GR and the Hayashi-Shirafuji theory. Although these particular Lagrangeans come with 
important caveats to which we return below (see also [91]), they show that one cannot 
dismiss out of hand the possibility that angular momentum sources non-local torsion (see 
also Table II. 2p . Note that the proof [2371 12721 I187j of the oft-repeated assertion that a 
gyroscope without nuclear spin cannot feel torsion crucially relies on the assumption that 
orbital angular momentum cannot be the source of torsion. This proof is therefore not 
generally applicable in the context of non-standard torsion theories. 

More generally, in the spirit of action=reaction, if a (non-rotating or rotating) mass like 
a planet can generate torsion, then a gyroscope without nuclear spin could be expected feel 
torsion, so the question of whether a non-standard gravitational Lagrangian causes torsion 
in the solar system is one which can and should be addressed experimentally. 

This experimental question is timely because the Stanford-led gyroscope satellite ex- 
periment. Gravity Probe E(1| (GPB), was launched in April 2004 and has successfully been 
taking data. Preliminary GPB results, released in April 2007, have confirmed the geodetic 
precession to better than 1%, and the full results, which are highly relevant to this chapter, 
are due to be released soon. GPB contains a set of four extremely spherical gyroscopes and 
flies in a circular polar orbit with altitude 640 kilometers, and we will show that it has the 



^http://einstein.stanford.edu/ 

45 



potential to severely constrain a broad class of previously allowed torsion theories. GPB 
was intended to test the GR prediction |219l 1266^ HI [SI HSl [21] that a gyroscope in this or- 
bit precesses about 6,614.4 milli-arcseconds per year around its orbital angular momentum 
vector (geodetic precession) and about 40.9 milli-arcseconds per year about Earth's angular 
momentum vector (frame-draggingj^. Most impressively, GPB should convincingly observe 
the frame-dragging effect, an effect of the off-diagonal metric elements that originate from 
the rotation of Earth. Of particular interest to us is that GPB can reach a precision of 
0.005% for the geodetic precession, which as we will see enables precision discriminatiorj^ 
between GR and a class of torsion theories. 



2.1.3 How this chapter is organized 

In general, torsion has 24 independent components, each being a function of time and 
position. Fortunately, symmetry arguments and a perturbative expansion will allow us to 
greatly simplify the possible form of any torsion field of Earth, a nearly spherical slowly 
rotating massive object. We will show that the most general possibility can be elegantly 
parametrized by merely seven numerical constants to be constrained experimentally. We 
then derive the effect of torsion on the precession rate of a gyroscope in Earth orbit and 
work out how the anomalous precession that GPB would register depends on these seven 
parameters. 

The rest of this chapter is organized as follows. In Section 12.21 we review the basics of 
Riemann-Cartan spacetime. In Section 12.31 we derive the results of parametrizing the tor- 
sion field around Earth. In Section [2.41 we discuss the equation of motion for the precession 
of a gyroscope and the world-line of its center of mass. We use the results to calculate the 
instantaneous precession rate in Section 12.51 and then analyze the Fourier moments for the 
particular orbit of GPB in Section 12.61 In Section 12.71 we show that GPB can constrain 
two linear combinations of the seven torsion parameters, given the constraints on the PPN 
parameters 7 and ai from other solar system tests. To make our discussion less abstract, we 
study Hayashi-Shirafuji torsion gravity as an explicit illustrative example of an alternative 
gravitational theory that can be tested within our framework. In Section [2.81 we review the 
basics of Weitzenbock spacetime and Hayashi-Shirafuji theory, and then give the torsion- 

^These numerical precession rates are taken from the GPB website. 

^GPB also has potential for constraining other GR extensions [172) than those we consider in this chapter. 
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equivalent of the linearized Kerr solution. In Section [2T9l we generalize the Hayashi-Shirafuji 
theory to a two-parameter family of gravity theories, which we will term Einstein-Hayashi- 
Shirafuji (EHS) theories, interpolating between torsion-free GR and the Hayashi-Shirafuji 
maximal torsion theory. In Section 12.101 we apply the precession rate results to the EHS 
theories and discuss the observational constraints that GPB, alongside other solar system 
tests, will be able to place on the parameter space of the family of EHS theories. We con- 
clude in Section [4.41 Technical details of torsion parametrization (i.e. Section[2]3]) are given 
in Appendices 12. Al &: 12. B[ Derivation of solar system tests are given in Appendix 12. C[ We 
also demonstrate in Appendix 12. Dl that current ground-based experimental upper bounds 
on the photon mass do not place more stringent constraints on the torsion parameters ti or 
t2 than GPB will. 

After the first version of the paper [IMj involving the work in this chapter was submitted, 
Flanagan and Rosenthal showed that the Einstein-Hayashi-Shirafuji Lagrangian has serious 
defects [91], while leaving open the possibility that there may be other viable Lagrangians 
in the same class (where spinning objects generate and feel propagating torsion). The EHS 
Lagrangian should therefore not be viewed as a viable physical model, but as a pedagogical 
toy model giving concrete illustrations of the various effects and constraints that we discuss. 

Throughout this chapter, we use natural gravitational units where c = G = 1. Unless 
we explicitly state otherwise, a Greek letter denotes an index running from to 3 and a 
Latin letter an index from 1 to 3. We use the metric signature convention ( — h ++). 



2.2 Riemann-Cartan spacetime 

We review the basics of Riemann-Cartan spacetime only briefly here, and refer the interested 
reader to Hehl et al. [108j for a more comprehensive discussion of spacetime with torsion. 
Riemann-Cartan spacetime is a connected C°° four-dimensional manifold endowed with 
metric gf^u of Lorentzian signature and an affine connection T^^p such that the non-metricity 
defined by Eq. (j2.ip with respect to the full connection identically vanishes. In other 
words, the connection in Riemann-Cartan spacetime may have torsion, but it must still be 
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compatible with the metric (g^^;A = 0). The covariant derivative of a vector is given by 



V^y^ = d^V + T^pVP, (2.4) 
V^K = d^V^-TP^^Vp, (2.5) 

where the first of the lower indices on T'^^„ always corresponds to the index on V^^. 

The full connection has 64 independent components. The condition of vanishing non- 
metricity ^ ^Qup = gives 40 constraints, and the remaining 24 components are the degrees 
of freedom of the torsion tensor. 

In the more familiar case of Riemann spacetime, the two conditions S^u^ = and 
Qfiup = imply that the connection must be the so-called Levi-Civita connection (Christoffel 
symbol), uniquely determined by the metric as 

P \ 1a 

) = 1^9'' {^^l9u\ + dyg^x - dxg^,u) ■ (2.6) 

fiU J ^ 

In the more general case when torsion is present, the connection must depart from the 
Levi-Civita connection in order to be metric-compatible {V^gup = 0), and this departure is 
(up to a historical minus sign) called the contorsion, defined as 



K P 

p,u 



p 



Using the fact that the torsion is the part of the connection that is antisymmetric in the 
first two indices (Eq. 12. 3p , one readily shows that 

^py^ — ~^pv^ ~ S^yp — SP^jj . (2-8) 

In Riemann- Cart an spacetime, the metric is used to raise or lower the indices as usual. 

The curvature tensor is defined as usual, in terms of the full connection rather than the 
Levi-Civita connection: 

R\up = d^^%x - d,Kx + r^„r"^, - r^^^r^, . (2.9) 
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As in Riemann spacetime, one can prove that R'^xui^ ^ tensor by showing that for any 
vector V^, 

V[.v^]y^ = Ir\,^v' - s^^^VaVP . (2.10) 

The Ricci tensor and Ricci scalar are defined by contraction the Riemann tensor just as in 
Riemann spacetime. 

2.3 Parametrization of the Torsion and Connection 

The torsion tensor has twenty-four independent components since it is antisymmetric in its 
first two indices. However, its form can be greatly simplified by the fact that Earth is well 
approximated as a uniformly rotating spherical object. Throughout this chapter, we will 
therefore Taylor expand all quantities with respect to the dimensionless mass parameter 

Sn. ^ -, (2.11) 

r 

and the dimensionless angular momentum parameter 

£a = -, (2.12) 

r 

where a = J/m is the specific angular momentum , which has units of length, and r is the 
distance of the field point from the central gravitating body. Here m and J are Earth's mass 
and rotational angular momentum, respectively. Since Earth is slowly rotating (e^ <^ 1), 
we will only need to keep track of zeroth and first order terms in £„. We will also Taylor 
expand with respect to to first order, since we are interested in objects with orbital radii 
vastly exceeding Earth's Schwarzschild radius {Sm « 1)0 

All calculations will be to first 
order in Em, because to zeroth order in £m, i-e. in Minkowski spacetime, there is no torsion. 
Consequently, we use the terms "zeroth order" and "first order" below with respect to the 
expansion in £„. 

We start by studying in section [2.3.11 the zeroth order part: the static, spherically and 
parity symmetric case where Earth's rotation is ignored. The first correction will be treated 
in section [232) the stationary and spherically axisymmetric contribution caused by Earth's 

^These two approximations Em ^ 1 and <C 1 are highly accurate for the GPB sateUite in an Earth 
orbit with altitude about 640 kilometers: £rn — 6.3 x 10"^'^ and Sa — 5.6 x 10~^. 
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rotation. For each case, we start by giving the symmetry constraints that apply for any 
quantity. We then give the most general parametrization of torsion and connection that 
is consistent with these symmetries, as derived in the appendices. The Kerr-like torsion 
solution of Hayashi-Shirafuji Lagrangian given in Section 12.81 is an explicit example within 
this parametrized class. In Section 12.51 we will apply these results to the precession of a 
gyroscope around Earth. 

2.3.1 Zeroth order: the static, spherically and parity symmetric case 

This is the order at which Earth's slow rotation is neglected (sa = 0). For this, three conve- 
nient coordinate systems are often employed - isotropic rectangular coordinates, isotropic 
spherical coordinates, and standard spherical coordinates. In the following, we will find 
it most convenient to work in isotropic rectangular coordinates to set up and solve the 
problem, and then transform the result to standard spherical coordinates. 

Symmetry Principles 

Tetrad spaces with spherical symmetry have been studied by Robertson |213| and Hayashi 
and Shirafuji |101] . Our approach in this section essentially follows their work. 

Given spherical symmetry, one can naturally find a class of isotropic rectangular coordi- 
nates {t,x,y,z). Consider a general quantity 0{x) that may bear upper and lower indices. 
It may or may not be a tensor. In either case, its transformation law 0{x) — > 0'{x') under 
the general coordinate transformation x ^ x' should be given. By definition, a quantity O 
is static, spherically and parity symmetric if it has the formal functional invariance 

0'{x') = 0{x') 

under the following coordinate transformations (note that 0{x') denotes the original func- 
tion 0{x) evaluated at the coordinates x'): 

1. Time translation: t ^ t' = t + to where to is an arbitrary constant. 

2. Time reversal: t ^ t' = —t. 
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3. Continuous rotation and space inversion: 



x^x=Rx, (2.13) 

where R is any 3x3 constant orthogonal (R*R = I) matrix. Note that the parity 
symmetry allows R to be an improper rotation. 

Parametrization of torsion 

It can be shown (see Appendix A) that, under the above conditions, there are only two 
independent components of the torsion tensor. The non-zero torsion components can be 
parametrized in isotropic rectangular coordinates as follows: 

(2.14) 

x'^Sji) , (2.15) 

where ti and t2 are dimensionless constants. It is of course only the two combinations tim 
and that correspond to the physical parameters; we have chosen to introduce a third 
redundant quantity m here, with units of mass, to keep ti and t2 dimensionless. Below we 
will see that in the context of specific torsion Lagrangians, m can be naturally identified 
with the mass of the object generating the torsion, up to a numerical factor close to unity. 

We call ti the "anomalous geodetic torsion" and t2 the "normal geodetic torsion", 
because both will contribute to the geodetic spin precession of a gyroscope, the former 
"anomalously" and the latter "regularly" , as will become clear in Section 12.51 and 12.61 

Torsion and connection in standard spherical coordinates 

In spherical coordinates, the torsion tensor has the following non-vanishing components: 

Str\r)=h^ , SJ{r)=S^./{r)=t2^, (2.16) 

where ti and t2 are the same torsion constants as defined above. 

The above parametrization of torsion was derived in isotropic coordinates, but it is also 
valid in other spherical coordinates as far as the linear perturbation around the Minkowski 
spacetime is concerned. The decomposition formula (Eg. 12. 7p . derived from V ^Qnp = 0, en- 
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c 

q i 



*^2r3^ ' 



ables one to calculate the full connection exactly. However, for that purpose the coordinates 
with a metric must be specified. In general, a spherically symmetric coordinate system has 
the line element |171j 



ds^ = -h{r)dt^ + /(r)dr2 + a(r)r2 [dO"^ + sin^ 



There is freedom to rescale the radius, so-called isotropic spherical coordinates correspond- 
ing to the choice a(r) = f{r). Throughout this chapter, we make the common choice 
a(r) = 1, where r can be interpreted as {2tt)~^ times the circumference of a circle. To 
linear order, 

h{r) = 1+n-, 

r 

fir) = 1+^-, 
r 

where Ti. and are dimensionless constants. 

It is straightforward to show that, in the linear regime, the most general connection 
that is static, spherically and parity symmetric in Riemann-Cartan spacetime with standard 
spherical coordinates is as follows: 



^ tr — 1 "-l TT I ~9 ! 



r* = 

rt 2 r2 



r 



TC m 



rr 



T m 

= -r + {r + t2)m, (2.17) 

^ re - ^ r(t, - ~ ' 

r^^^ = - sin (9 cos e , 

r^,, = r^, = cote. 



By "the most general" we mean that any other connections are related to the one in 
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Eq. ()2.17p by the nonlinear coordinate transformation law 



'^^^^ ' " dx^ dx'^ dx'>^ '^^^'^^ ^ dx^ dx'^dx'^ ■ ^^""^^^ 



Note that the terms independent of metric and torsion merely reflect the spherical 
coordinate system and do not represent a deformation of spacetime — in other words, the 
special case ti =t2 =71 = —T = corresponds to the connection for Minkowski spacetime. 
The case ti = t2 = and 7i = —T = —2 corresponds to the standard connection for 
Schwarzschild spacetime in the linear regime (r ^ m). 



2.3.2 First-order: stationary, spherically axisymmetric case 

The terms added at this order are due to Earth's rotation. Roughly speaking, ^^spherically 
axisymmetric" refers to the property that a system is spherically symmetric except for 
symmetries broken by an angular momentum vector. The rigorous mathematical definition 
is given in Section 12.3.21 Subtleties related to coordinate system choices at this order 
fortunately do not matter in the 1 and ^ 1 limit that we are interested in. 



Symmetry Principles 

Suppose we have a field configuration which depends explicitly on the angular momentum 
J of the central spinning body. We can denote the fields generically as 0{x\J), which is a 
function of coordinates x and the value of the angular momentum vector J. We assume that 
the underlying laws of physics are symmetric under rotations, parity, time translation, and 
time reversal, so that the field configurations for various values of J can be related to each 
other. Specifically, we assume that J rotates as a vector, reverses under time-reversal, and 
is invariant under time translation and parity. It is then possible to define transformations 
for the field configurations, ©(xjJ) — > 0'{x'\J), for these same symmetry operations. Here 
0'{x'\3) denotes the transform of the field configuration that was specified by J before 
the transformation; O may or may not be a tensor, but its transformation properties are 
assumed to be specified. The symmetries of the underlying laws of physics then imply that 
the configurations 0(x|J) are stationary and spherically axisymmetric in the sense that 
the transformed configuration is identical to the configuration that one would compute by 
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transforming J ^ J'. That is, 

0'{x'\3) =0{x'\3') 
under the fohowing coordinate transformations: 

1. time translation: t ^ t' = t + to where io is an arbitrary constant. 

2. Time reversah t ^ t' = —t. 

3. Continuous rotation and space inversion: x — > x' = R(x) , i.e. x' is related to x by 
any proper or improper rotation. 



Below we will simplify the problem by keeping track only of terms linear in J jv — SyYi^a- 



Parametrization of metric 

With these symmetries, it can be shown that the first-order contribution to the metric is 

9ti = 9u = ^(^ijkJ^x'' (2.19) 

in rectangular coordinates = where ^ is a constant, or 

gt<i> = g^t=G^sm'^0 (2.20) 

in spherical coordinates x^ = (t, r, 6, (p) where the polar angle 9 is the angle with respect to 
the rotational angular momentum J. The details of the derivation are given in Appendix 

Parametrization of torsion 

In Appendix l2.Bl we show that, in rectangular coordinates, the first-order correction to the 
torsion is 

Q jk jk '^l '^j jk '^l '^i 

tij — ^ijkJ ~l~ ^ikl^ ~\~ 2^i3 ^jkl^ ■ 
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In spherical coordinates, these first-order torsion terms are 



Q t rna , ^ 

^r<p = wi^sm e, 

n t una, , 

c r "^"^ ■ 2 a 

^t^ = "'s^sm e, 

= tt;4^-g sm cos y , 

s ma 
Str = w^l^, 

Ste = -^«4^cot0. 

Here /i, . . . , /s and wi, ... ,11)5 are constants. The latter are linear combinations of the 
former. The details of the derivation are given in Appendix I2.BI We call wi,. . . ,7^5 the 
"frame-dragging torsion", since they will contribute the frame-dragging spin precession of 
a gyroscope as will become clear in Section 12.51 



2.3.3 Around Earth 

We now summarize the results to linear order. We have computed the parametrization 
perturbatively in the dimensionless parameters Sm = m/r and = a/r. The zeroth order 
{Sa = 0) solution, where Earth's slow rotation is ignored, is simply the solution around a 
static spherical body, i.e. the case studied in Section r2.3.11 The first order correction, due 
to Earth's rotation, is stationary and spherically axisymmetric as derived in Section [2.3.21 
A quantity O to linear order is the sum of these two orders. In spherical coordinates, a 
general line element thus takes the form 



m 

i + n— 

r 



l+J^— 
r 



dr2 + rW + 26;— sin^^dtd^, (2.21) 



r 



where dil^ = dO^ + siv? 6d4>'^ . Here Ti, T and Q are dimensionless constants. In GR, the 
Kerr metric |125[ B2] at large distance gives the constants W = —T = Q = —2. The result 
Q = —2 can also be derived more generally as shown by de Sitter [72] and Lense & Thirring 
|142| . As above, J = ma denotes the magnitude of Earth's rotational angular momentum. 

Combining our 0th and 1st order expressions from above for the torsion around Earth, 
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we obtain 



c- t 
'-'tr 


m 






q t 


ma . 2a 
2r^ 


q t 


ma . 

= W2 sin u cos 

2r 


Q r 


ma . 2a 


q e 


ma . _ 
= W/^ — 5- sm d cos 


q <t> 
'-'tr 


ma 

= ^5 7w , 
2r^ 




ma 

= — ti;4-— 7 cot t' . 
2r'^ 



(2.22) 



All other components vanish. Again, ti, t2, ^i'i)W2, ws, ^4, ^5 are dimensionless constants. 

The calculation of the corresponding connection is straightforward by virtue of Eq. (|2.7p . 
It is not hard to show that, to linear order in a Riemann-Cartan spacetime in spherical 
coordinates, the connection around Earth has the following non-vanishing components: 



m 



pi 



7i m 



r r0 = [39 + Wi-W3-W5)^Sm t 

. ma . 2 

r = i^y -wi-ws- sm I 

r*e^ = w;2— sin6'cos6' , 

+ ma 

T j,p = —W2 sin 6* cos 0, 

^ 2r 

(. w^ 

J- ii = *1 - - 



rr 



~2"^' 

r'ee = -r + (.F + t2)"^, (2.23) 
= -rsm^e+^J' + t2)mWe , 



ma . 2 



^''<i>t = {G -wi-W3-W5)^ sin 
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ma 



t(j> 



(fit 



re 



Or 



tr 



rt 



te 



et 



(—2Q — W2 + 2W4) — 5- sin COS 9 , 



= {-2G 



W2) — 5- sm cos y , 



p<p _ _ 

1 m 

<t>r ^ ~~ 



r 



— sm U cos U , 

{-G + W1-W3 + W5) 



ma 
2^' 



= {-y +Wi-W3-W5)-^, 

TTIOj 

TTKX 

= {2g + W2)^coi0, 

= r^^ = cot^. 



2.4 Precession of a gyroscope I: fundamentals 
2.4.1 Rotational angular momentum 

There are two ways to covariantly quantify the angular momentum of a spinning object, in 
the hterature denoted and S'^'', respectively. (Despite our overuse of the letter S, they 
can be distinguished by the number of indices.) In the rest frame of the center of mass of 
a gyroscope, the 4-vector S'^ is defined as 

S^ = {0,So), (2.24) 
and the 4-tensor S'^'^ is defined to be antisymmetric and have the components 

gOi ^ giO ^ gij ^ ^ijkg^k ^ (2.25) 

where i = x,y,z. Sq = Sq^x + So^y + Sq^z is the rotational angular momentum of 
a gyroscope observed by an observer co-moving with the center of mass of the gyroscope. 
The relation between S'^ and S'^" can be written in the local (flat) frame as 

S'^ = e/^-P-n,V' (2-26) 



57 



where = dx'^/dr is the 4- velocity. 

In curved spacetime, the Levi-Civita symbol is generalized to z^^^P" = e'"^^*^/-^— where 
g = det g^y. It is easy to prove that t^^^P^ is a 4-tensor. Then Eq. ()2.26p becomes a covariant 
relation 

= e^'^'P'^UuSp^ . (2.27) 

In addition, the vanishing of temporal components of and S'^'^ can be written as covariant 
conditions as follows: 

= 0, (2.28) 

S^'^u^ = 0. (2.29) 

In the literatm'e [219j, Eq. (j2.29p is called Pirani's supplementary condition. 

Note, however, that unlike the flat space case, the spatial vectors of and S^'^ (denoted 
by S and S' respectively) do not coincide in the curved spacetime. The former is the spatial 
component of the 4- vector S^, while the latter is historically defined as S" * = e^^'^Sjk- It 
follows Eq. ([2:271) that S and S' differ by 5 = ^ [l + ©(m^/r) + 0(^2)] for a gyroscope 
moving around Earth. 

2.4.2 Equation of motion for precession of a gyroscope 

To derive the equation of motion for (or S^'^) of a small extended object that may have 
either rotational angular momentum or net spin, Papapetrou's method |195j should be 
generalized to Riemann-Cartan spacetime. This generalization has been studied by Stoeger 
& Yasskin |237[I272] as well as Nomura, Shirafuji &: Hayashi [187] . The starting point of this 
method is the Bianchi identity or Noether current in a gravitational theory whose derivation 
strongly relies on an assumption of what sources torsion. Under the common assumption 
that only intrinsic spin sources torsion, both |237[ I272j and |187j drew the conclusion that 
whereas a particle with net intrinsic spin will precess according to the full connection, the 
rotational angular momentum of a gyroscope will not feel the background torsion, i.e. it 
will undergo parallel transport by the Levi-Civita connection along the free-falling orbit — 
the same prediction as in GR. 

These results of |2371 1272|, I187j have the simple intuitive interpretation that if angular 
momentum is not coupled to torsion, then torsion is not coupled to angular momentum. 
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In other words, for Lagrangians where the angular momentum of a rotating object cannot 
generate a torsion field, the torsion field cannot affect the angular momentum of a rotating 
object, in the same spirit as Newton's dictum "action = reaction". 

The Hayashi-Shirafuji theory of gravity, which we will discuss in detail in Section 12.81 
raises an objection to the common assumption that only intrinsic spin sources torsion, in 
that in this theory even a non-rotating massive body can generate torsion in the vacuum 
nearby |101j . This feature also generically holds for teleparallel theories. It has been cus- 
tomary to assume that spinless test particles follow metric geodesies (have their momentum 
parallel transported by the Levi-Civita connection), i.e. , that spinless particles decouple 
from the torsion even if it is nonzero. For a certain class of Lagrangians, this can follow from 
using the conventional variational principle. However, Kleinert and Pelster [1301 1129] argue 
that the closure failure of parallelograms in the presence of torsion adds an additional term 
to the geodesies which causes spinless test particles to follow autoparallel worldlines (have 
their momentum parallel transported by the full connection). This scenario thus respects 
the "action = reaction" principle, since a spinless test particle can both generate and feel 
torsion. As a natural extension, we explore the possibility that in these theories, a rotating 
body also generates torsion through its rotational angular momentum, and the torsion in 
turn affects the motion of spinning objects such as gyroscopes. 

An interesting first-principles derivation of how torsion affects a gyroscope in a specific 
theory might involve generalizing the matched asymptotic expansion method of \69\ I70j . 
and match two generalized Kerr-solutions in the weak-field limit to obtain the gyroscope 
equation of motion. Since such a calculation would be way beyond the scope of the present 
chapter, we will simply limit our analysis to exploring some obvious possibilities for laws of 
motion, based on the analogy with spin precession. 

The exact equation of motion for the precession of net spin is model dependent, de- 
pending on the way the matter fields couple to the metric and torsion in the Lagrangian 
(see [2371 [2721 [Wl EOl [ml [Ml [ISH [121 [3]). However, in the linear regime that we are 
interested in here, many of the cases reduce to one of the following two equations if there 
is no external non-gravitational force acting on the test particle: 







(2.30) 



Dr 



(2.31) 



or 



Dr 
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where D/Dr = (dx^/dr)V^ is the covariant differentiation along the world-hne with respect 
to the full connection. In other words, the net spin undergoes parallel transport by the full 
connection along its trajectory^ 

In analog to the precession of spin, we will work out the implications of the assumption 
that the rotational angular momentum also precesses by parallel transport along the free-fall 
trajectory using the full connection. 

2.4.3 World line of the center of mass 

In GR, test particles move along well-defined trajectories - geodesies. In the presence of 
torsion, things might be different. The idea of geodesies originates from two independent 
concepts: autoparallels and extremals If]. Autoparallels, or affine geodesies, are curves along 
which the velocity vector dx^/dA is transported parallel to itself by the full connection fj,u. 
With an affine parameter A, the geodesic equation is 

Extremals, or metric geodesies, are curves of extremal spacetime interval with respect to 
the metric g^v Since ds = [—g^v{x)dx^dx^Y/'^ does not depend on the full connection, the 
geodesic differential equations derived from 5 J ds = state that the 4-vector is parallel 
transported by the Levi-Civita connection. That is, with the parameter A properly chosen. 

In Riemann spacetime where torsion identically vanishes, Eqs. (l2.32p and ()2.33p coincide. In 
a Riemann-Cartan spacetime, however, these two curves coincide if and only if the torsion 
is totally antisymmetric in all three indices |108j . This is because the symmetric part of the 
full connection can be written from Eq. (12. Th as follows: 



rV)^^(^V + r''.p) = | ^ ^+^. + 5%- (2.34) 



^If an external non-gravitational force acts on a spinning test particle, it will undergo Fermi- Walker 
transport along its world-line. This situation is beyond the interest of a satellite experiment, so it will be 
neglected in the present chapter. 

•^This terminology follows Hehl et al. PT75] . 
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Photons are expected to follow extremal world lines because the gauge invariance of the 
electromagnetic part of the Lagrangian, well established by numerous experimental upper 
bounds on the photon mass, prohibits torsion from coupling to the electromagnetic field to 
lowest order [108J. As a consequence, the classical path of a light ray is at least to leading 
order determined by the metric alone as an extremal path, or equivalently as an autoparallel 
curve with respect to the Levi-Civita connection, independent of whether there is torsion. 

On the other hand, the trajectory of a rotating test particle is still an open question in 
theory. Papapetrou |195j claims that, even in GR, a gyroscope will deviate from the metric 
geodesic, albeit slightly. In torsion gravity theories, the equations of motion for the orbital 
4-momentum differs more strongly between different approaches |108(l272tll87t[TT0l 1111^ 165 1 
11371 fT2] , and it is an open question to what extent they are consistent with all classical GR 
tests (deflection of light rays, gravitational redshift, precession of the perihelion of Mercury, 
Shapiro time delay, binary pulsars, etc.). To bracket the uncertainty, we will examine 
the two extreme assumption in turn - that world lines are autoparallels and extremals, 
respectively. 

Only the autoparallel scheme, not the extremal scheme, is theoretically consistent, for 
two reasons. The first reason is based on the equivalence of the two approaches using the 
two alternative quantities S'^ and S^"^ to describe the angular momentum. The equivalence 
is automatic in GR. In a torsion theory, however, Eq. (I2.30p and (I2.3ip can be simultane- 
ously valid only if the trajectory is autoparallel. This can be seen by taking the covariant 
differentiation of Eq. (|2:27|) . Note that De'""/"^/DT = 0. One finds 

e"^"''"^V = 0- (2-35) 

This equation is satisfied if Duj^/Dr = 0, i.e. if the gyroscope world line is autoparallel. If 
an extremal world line is assumed, then one has to make an a priori choice between and 
S^'^, since the precession rates calculated using the two quantities will differ. 

The second reason is that for S^, the condition S^u^ = (Eq. (j2.28p ) must be satis- 
fied anywhere along the world line. Taking the covariant differentiation for both sides of 
Eq. I^2B, one finds 

5''Dn^/Dr = 0, (2.36) 
assuming DS^/Dt = 0. Obviously, autoparallels are consistent with Eq. (|2.36p . while ex- 
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tremals are not. The same argument applies for S*^*^, i.e. taking the covariant differentiation 
of both sides of Eq. ([2:29]) . 

Despite the fact that the extremal scheme is not theoretically consistent in this sense, 
the inconsistencies are numerically small for the linear regime m/r ^ 1 . They are therefore 
of interest as an approximate phenomenological prescription that might at some time in the 
future be incorporated into a consistent theory. We therefore include results also for this 
case below. 

2.4.4 Newtonian limit 

In Section 12.31 we parametrized the metric, torsion and connection of Earth, including 
an arbitrary parameter m with units of mass. To give m a physical interpretation, the 
Newtonian limit of a test particle's orbit should be evaluated. Obviously, the result depends 
on whether the autoparallel or extremal scheme is assumed. 

In the remainder of this chapter, we denote an arbitrary parameter with units of mass 
as mo and the physical mass as m. Metric and torsion parameters in accordance with mo 
are denoted with a superscript (0), i.e. l-L'^^\j^'^^\Q'^^\t^i\t^2\'^^i^ ■ ■ ■^s''^- 

If an autoparallel world line is assumed, using the parametrization of equations ()2.23p . 
it can be shown that the equation of motion to lowest order becomes 



dt 



,(0) _ 

1 o 



(2.37) 



.2 



Therefore Newton's Second Law interprets the mass of the central gravitating body to be 

.(0) n^'^' 



m 



mo . (autoparallel scheme) (2.38) 



However, if tf'^ — Ti^^^ /2 = 0, the autoparallel scheme fails totally. 

Similarly, for a theory with extremal world- lines, the extremal equation in Newtonian 
approximation is 

d._[-«(«)|^ (2.39) 
Therefore the physical mass of the body generating the gravity field is 

m = 2~^^ ' (extremal scheme) (2.40) 
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as long as TL^^^ ^ 0. For the Schwarzschild metric {TL^'^^ = —2), m = rriQ. 

After re-scaling m from mo, all metric and torsion parameters make the inverse re- 
scaling, e.g. t,=tf\m,/m) since the combination tim is the physical parameters during 
parametrization of metric and torsion. This inverse scahng apphes to H^o) ^ jr(o) ^ g(o) 
as well. A natural consequence of the re-scaling is an identity by definition: 

ti—TC/2 = 1, (autoparallel scheme) (2-41) 
or 7i = —2 , (extremal scheme) (2.42) 

2.5 Precession of a gyroscope II: instantaneous rate 

We now have the tools to calculate the precession of a gyroscope. Before proceeding, let us 
summarize the assumptions made so far: 

1. A gyroscope can feel torsion through its rotational angular momentum, and the equa- 
tion of motion is either D5^/Dr = or DS^'^'/Dr = 0. 

2. The world line of a gyroscope is either an autoparallel curve or an extremal curve. 

3. The torsion and connection around Earth are parametrized by Eq. (j2.22p and (j2.23p . 

With these assumptions, the calculation of the precession rate becomes straightforward 
except for one subtlety described below. 

2.5.1 Transformation to the center-of-mass frame 

The precession rate dS/dt derived from a naive application of the equation of motion 
DS'^/Dt = is the rate measured by an observer at rest relative to the central gravitating 
body. This rate is gauge-dependent and unphysical, since it depends on which coordinates 
the observer uses; for example, isotropic spherical coordinates and standard spherical co- 
ordinates yield different precession rates. The physical observable is the precession rate 
dSo/dt measured by the observer co- moving with the center of mass of the gyroscope, i.e. 
in the instantaneous local inertial frame. 

The methodology of transforming S to Sq was first established by Schiff [219j in which 
he used the 4-tensor S^'^ . The basic idea using the 4- vector is as follows. Since we are 
interested in the transformation only to leading order in (w/c)^ and m/r, we are allowed to 
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consider the coordinate transformation and the velocity transformation separately and add 
them together in the end. We adopt standard spherical coordinates with the line element of 
Eq. (j2.2ip . The off-diagonal metric element proportional to majr^ can be ignored for the 
purposes of this transformation. Consider a measuring rod in the rest frame of the central 
body. It will be elongated by a factor of (1 + Tm/2r) in the radial direction measured 
by the observer in the center-of-mass frame, but unchanged in the tangential direction. 
The 4- vector transforms as dx'^; thus its radial component is enlarged by a factor of 
{\ + Tm/2r) and the tangential components are unchanged. This can be compactly written 
in the following form: 

So = S + J'—^{S-r)r. (2.43) 

Now consider the velocity transformation to the center-of-mass frame by boosting the 
observer along the x-axis, say, with velocity v. We have the Lorentz boost from = 
{S^, 5^, 5^ 5^) to = {So °, 5o ^, So y, So as follows: 

5o° = 7(5° 5^'), (2.44) 

So^ = 7(5^ 5°), (2.45) 

So" = Sy , (2.46) 

So^ = S\ (2.47) 



where 7 = — v"^ \ -\- 12. The condition S^u^ = gives 

= v.S = vS'' , 

which verifies that So^ = in the center-of-mass frame. The spatial components can be 
written compactly as 

So = S-^{S-v)v. (2.48) 

Combining the coordinate transformation and the velocity transformation, we find the fol- 
lowing transformation from standard spherical coordinates to the center-of-mass frame: 

So = S + T^{S-r)r--{S-v)v. (2.49) 

The time derivative of Eq. (|2.49p will lead to the expression for geodetic precession to leading 



64 



order , i.e. to order {m/r)v. To complete the discussion of transformations, note that the 
off-diagonal metric element proportional to majr^ could add a term of order majr^ to 
Eq. (j2.49p . which leads to a precession rate proportional to {ma/r'^)v. Since the leading 
term of the frame dragging effect is of the order ma/r"^, the leading frame-dragging effect is 
invariant under these transformations, so we are allowed to ignore the off-diagonal metric 
element in the transformation. 

The transformation law obtained using the 4-tensor S^'^ is different from using — this 
is not surprising because both descriptions coincide only in the rest frame of the gyroscope's 
center of mass. Schiff |219j gave the transformation law from standard spherical coordinates 
to the center-of-mass frame, using S^'^: 

So = S' + J^^[S' - {r/r^){r- S')] - \[v^S' - {v ■ S')v] . (2.50) 

In taking the time derivative of Eq. (j2.49p or (j2.5Up . one encounters terms proportional 
to dv/dt. Eq. (j2.37p or (j2.39p should be applied, depending on whether autoparallel or 
extremal scheme, respectively, is assumed. 

2.5.2 Instantaneous rates 
Autoparallel scheme and using 5^ 

Now we are now ready to calculate the precession rate. In spherical coordinates = 
{t, r, 6, (p), we expand the rotational angular momentum vector in an orthonormal basis: 

S = Srir + Sgeg + S^e^ . 

In terms of the decomposition coefficients, the 4-vector is 

S'' = (5°, = (5°, Sr, Se/r, S^/r smO) . 

Applying the equation of motion DS^/Dr = 0, transforming S to by Eq. (j2.49p and tak- 
ing the time derivative using autoparallels (Eq. I2.37P , we obtain the following instantaneous 
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gyroscope precession rate: 



^ = nxSo, (2.51) 
where O = Qg + ^f, (2.52) 



3 1 

--(1 + m){ujE ■ er)er + -(1 + /i2)a;£; 



(2.54) 



Here Ilve = ma is the angular momentum of Earth, where / is Earth's moment of inertia 
about its poles and w^; is its angular velocity. The new effective torsion constants are defined 
so that they represent the torsion-induced correction to the GR prediction: 

fii = {wi -W2-W3 + 2w4 + W5)/{-3g) , (2.55) 
/i2 = {wi - W3 + W5) / {-G) , (2.56) 

Since ti — TC/2 = 1 in the autoparallel scheme, Eq. ()2.53p simplifies to 

-* m 

nG = {l + T+2h)^{rxv). (2.57) 

In the literature, the precession due to $7^ is called geodetic precession, and that due to 
ili? is called frame dragging. From Eq. (j2.53p . it is seen that geodetic precession depends 
on the mass of Earth and not on whether Earth is spinning or not. It is of order mv. The 
frame-dragging effect is a unique effect of Earth's rotation and highlights the importance 
of the GPB experiment, since GPB will be the first to accurately measure the effect of 
the off-diagonal metric element that lacks a counterpart in Newtonian gravity. The frame 
dragging effect is of order ma, so it is independent of whether the gyroscope is moving or 
static. In the presence of torsion, we term Qg the "generalized geodetic precession", and 

the "generalized frame-dragging". 



Extremal scheme and using S^^ 

We now repeat the calculation of Section 12.5.21 but assuming an extremal trajectory 
(Eq. I2.39P when taking the time derivative of Eq. (j2.49p , obtaining the following instanta- 
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neous gyroscope precession rate: 



— — = nxSo-ti- 
at r 

where = + ■ 



= nx So-ti-^iSo-v)f, (2.58) 



no = (f -7 + *2)^(r-x^;), (2.59) 

and is the same as in Eq. ()2.54p . Since 7i = —2 in the extremal scheme, Eq. ()2.59p is 
simphfied to formally coincide with Eq. (j2.57p . 



Extremal scheme and using S^'^ 

In spherical coordinates, S^"^ satisfies 

S^^ = -Sj^ , S"^^ = -S , 5'^^ = ■ -Sg , (2.60) 
r ^ sm t) r sm 

where 5^,, Sg, are the components of S in spherical coordinates, i.e. S = Sj.er + SQee + 
S^e^ . We now repeat the calculation of Section 12.5.21 assuming an extremal trajectory 
(Eq. I2.39P and the S''^'^-based precession of Eq. (j2.5Up when taking the time derivative of 
Eq. ()2.49p . obtaining the following instantaneous gyroscope precession rate: 

^ = Qx So + h^rx {vx So), (2.61) 
at r-^ 

where O = + ■ 

Q-G and Q-F are the same as in equations (I2.59P and (12.54p . respectively. 

In both cases using extremals, the precession rates have anomalous terms proportional 
to ti; see Eq. (I2.58P ) and l2.6l| ). We call these terms the "anomalous geodetic precession". 
These anomalies change the angular precession rate of a gyroscope, since their contributions 
to d/So/dt are not perpendicular to Sq. This is a phenomenon that GR does not predict. 
Meanwhile, t2 contributes to modify only the magnitude and not the direction of ^g- We 
therefore term ti the anomalous geodetic torsion and t2 the normal geodetic torsion. The 
torsion functions wi,. . . contribute to the generalized frame-dragging effect via the two 
combinations //i and 112, and we therefore term them "frame-dragging torsions". 
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Figure 2-1: A Gravity Probe B gyroscope moves around Earth along a circular polar orbit with 9q — n/2. 
LOO is its orbital angular velocity and lxje is Earth's rotational angular velocity around the z-axis. 

Autoparallel scheme and using S^^ 

Repeating the calculation of Section 12.5.21 using the S^'^-based precession rule of Eq. (|2.50p 
gives the exact same instantaneous precession rate as in Section 12.5.21 This is expected 
since these two precession rules are equivalent in the autoparallel scheme. 



2.6 Precession of a gyroscope III: moment analysis 

GPB measures the rotational angular momentum 5o of gyroscopes and therefore the pre- 
cession rate dS'o/dt essentially continuously. This provides a wealth of information and 
deserves careful data analysis. Here we develop a simple but sensitive analysis method 
based on Fourier transforms. 

2.6.1 Fourier transforms 

The Gravity Probe B satellite has a circular polar orbit to good approximatiorjjl, i.e. the 

inclination angle of the orbital angular velocity ujq with respect to the Earth's rotation axis 

(z-axis) is = 7r/2. Hence the orbital plane is perpendicular to the equatorial plane. Let 

^The actual GPB orbit has an orbital eccentricity of 0.0014 and an inclination of 90.007° according to 
the Fact Sheet on the GPB website. These deviations from the ideal orbit should cause negligible (< 10~^) 
relative errors in our estimates above. 
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the y-axis point along the vector So and let the x-axis be perpendicular to the y-axis in 
the equatorial plane so that the three axes {x,y,z} form a right-handed coordinate basis 
as illustrated in Figure I2-1[ A gyroscope at a point P is marked by the monotonically 
increasing angle (p with respect to z axis. The polar angle of the point P can be regarded 
as a periodic function of (p: 

e{^) = { ^ ' (2.62) 

271 — p , vr < (/? < 27r 

So for a particular circular polar orbit, dS'o/dt(r, u) can be regarded as a periodic function 
of p, where vq is the fixed radius, allowing us to write dSo/dt{f,v) = dSo/dt{p). 

Now define the Fourier moments of the precession rate as 

On = J ^^{p)cosnipdp , (2.64) 



where n = 1, 2, . . ., so that we can write 



dS 

— — {p) = ao + 2 ^^(fln cosn(/? + 6„ sin 77,99) . (2.66) 
at 

n=l 

2.6.2 Average precession 

We now write equations (P3T]) . ([X^ . ([23^ . (^371) . and (p:^!]) exphcitly in terms 

of p and perform the Fourier transforms. The average precession in the three calculation 
schemes above can be compactly written as follows: 

ao = /^{p)\ =n,sxSo. (2.67) 



The angular precession rate is 



3m ^ , I ^ 
2ro ^ 2rg 



^cff = bt—^o + b^—^ujE , (2.68) 
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where uq = ^oy is the orbital angular velocity and loe = (^ez is the rotational angular 
velocity of Earth. Here the "biases" relative to the GR prediction are defined by 



bt = -{1 + + 2t2 + \v\ti) , 



b„. = 



-Q) 



2 

i-Q) 



(1 + 3/xi - 2^2) , 

[1 + {Wl +W2 — W3 — 2W4 + W5)/Q] , 



(2.69) 
(2.70) 



where the constant 77 reflects the diflFerent assumptions that we have explored, and takes 
the following values: 

using autoparallels 
V = { +1 using S^'^ and extremals (2-71) 
—1 using S'^ and extremals 

Prom the above formulas, we see that the three schemes give identical results when ti = 0. 



For comparison, GR predicts the average precession rate 



ao = /^(¥?)\ = fleflf X So, 



3m _ / 



where fleS = —^O + -^^E , (2.72) 



i.e. ,bt = b^ = l. 



It is important to note that torsion contributes to the average precession above only via 
magnitudes of the precession rates, leaving the precession axes intact. The geodetic torsion 
parameters ti and t2 are degenerate, entering only in the linear combination corresponding 
to the bias bt- The frame-dragging torsion parameters wi, . . . ,W5 are similarly degenerate, 
entering only in the linear combination corresponding to the bias b^. If for technical reasons, 
the average precession rate is the only quantity that GPB can measure, then only these 
biases can be constrained. 
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2.6.3 Higher moments 

Interestingly, all higher Fourier moments vanish except for n = 2: 



02 = — — {l + fii)zxSo + r]ti—LOo{So''z + So'^x), 



h = — — 3-^(1 + Ail )x X ^0 + wo (5*0 ""x - 5o^i) . 

8rK 4rn 



(2.73) 



Here we use the notation Sq^ = Sq ■ i, where i denotes the x, y and z axes. 

For comparison, GR predicts the following second moments (moments with m = 1 and 
m > 2 vanish): 

S2 = ^zxSo, (2.74) 
4rg 

62 = ^^xxSo. (2.75) 
4r^ 

Technically, it may be difficult to measure these second moments because of the extremely 
small precession rate per orbit. However, if they could be measured, they could break 
the degeneracy between ti and \ti\ could be measured through the anomalous n = 2 
precession moment (the second term in Eq. ()2.73p ). The sign ambiguity of ti is due to 
the relative sign difference between the two schemes using extremals and S'^'^ versus S'^. 
The degeneracy between wi, . . . could be alleviated as well, since the linear combination 
fii (defined in Eq. (|2.55p ) could be measured through the correction to the normal n = 2 
precession moment (the first term in Eq. (j2.73p l. By "anomalous" or "normal", we mean 
the term whose precession axis has not been or already been, respectively, predicted by GR. 
In addition, the anomalous second-moment terms cannot be expressed as the cross product 
of ^0 and an angular velocity vector. 



2.7 Constraining torsion parameters with Gravity Probe B 

The parametrized Post-Newtonian (PPN) formalism has over the past decades demon- 
strated its success as a theoretical framework of testing GR, by embedding GR in a broader 
parametrized class of metric theories of gravitation. This idea can be naturally generalized 
by introducing more general departures from GR, e.g. torsion. For solar system tests, the 

71 



seven torsion parameters derived in Section 12.31 define the torsion extension of the PPN 
parameters, forming a complete set that parametrizes all observable signatures of torsion 
to lowest order. 

However, most of existing solar system tests cannot constrain the torsion degrees of 
freedom. Photons are usually assumed to decouple from the torsion to preserve gauge 
invariance (we return below to the experimental basis of this), in which case tests using 
electromagnetic signals (e.g. Shapiro time delay and the deflection of light) can only 
constrain the metric, i.e. the PPN parameter 7, as we explicitly calculate in Appendix 
12. C. H and Appendix 12. C. 21 Naively, one might expect that Mercury's perihelion shift could 
constrain torsion parameters if Mercury's orbit is an autoparallel curve, but calculations 
in Appendix I2.C.4I and Appendix I2.C.5I show that to lowest order, the perihelion shift is 
nonetheless only sensitive to the metric. Moreover, PPN calculations [268J show that a 
complete account of the perihelion shift must involve second-order parameters in m/r (e.g. 
the PPN parameter f3), which are beyond our first-order parametrization, as well as the 
first-order ones. We therefore neglect the constraining power of Mercury's perihelion shift 
here. In contrast, the results in Section 12.6.21 show that Gravity Probe B will be very 
sensitive to torsion parameters even if only the average precession rates can be measured. 

We may also constrain torsion with experimental upper bounds on the photon mass, 
since the "natural" extension of Maxwell Lagrangian (d^ using the full connection) 

breaks gauge invariance and introduces anomalous electromagnetic forces and a quadratic 
term in that may be identified with the photon mass. In Appendix 12. Dl we estimate 
the constraints on the torsion parameters ti and t2 from the measured photon mass limits, 
and show that these ground-based experiments can constrain ti or t2 only to a level of the 
order unity, i.e. , not enough to be relevant to this chapter. 

In Appendix 12. CI we confront solar system tests with the predictions from GR gen- 
eralized with our torsion parameters. In general, it is natural to assume that all metric 



72 



parameters take the same form as in PPN formalism i.e. |268j 



n = -2, (2.76) 
^ = 27, (2.77) 
g = -(l + 7 + ^ai). (2.78) 

Therefore, Shapiro time delay and the deflection of light share the same multiplicative 
bias factor {J^ — = (1 + 7)/2 relative to the GR prediction. The analogous bias for 

gravitational redshift is unity since {Au/u)/{Au/uY'^^^ = -n/2 = 1. In contrast, both 
the geodetic precession and the frame-dragging effect have a non-trivial multiplicative bias 
in Eqs.(l2J9]) and (|2:70]) : 

bt = ^(l + 27) + l(2t2 + |r/|ti), (2.79) 
b^ = ^{l + j + ^ai)-^{wi+W2-W3-2w4 + W5). (2.80) 

We list the observational constraints that solar system tests can place on the PPN and 
torsion parameters in Table 12.11 and plot the constraints in the degenerate parameter spaces 
in Figure 12-21 We see that GPB will ultimately constrain the linear combination t2 + 
(with 77 depending on the parallel transport scheme) at the 10~^ level and the combination 
wi + W2 — W3 — 2w4 + at the 1% level. The unpublished preliminary results of GPB 
have confirmed the geodetic precession to less than 1% level. This imposes a constraint on 
1^2 + ^^il ~ 0.01. The combination wi + W2 — ws — 2wi + cannot be constrained by 
frame-dragging until GPB will manage to improve the accuracy to the target level of less 
than 1 milli-arcsecond. 



2.8 Linearized Kerr solution with torsion in Weitzenbock 
spacetime 

So far, we have used only symmetry principles to derive the most general torsion possible 

around Earth to lowest order. We now turn to the separate question of whether there is 

any gravitational Lagrangian that actually produces torsion around Earth. We will show 

*This may not be completely true in some particular theories, e.g. H 7^ —2 in Einstein-Hayashi-Shirafuji 
theories in the autoparallel scheme, shown in Table 12.31 
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Effects 


Torsion Biases 


Observ. Constraints 


Remarks 


Shapiro 
time delay 


AVAf("-") = (l+7)/2 


7 - 1 = (2.1 ±2.3) X lO"'^ 


Cassini track- 
ing [33 


Deflection 
of light 


5/<5l<^^) = (l+7)/2 


7 - 1 = (-1.7 ±4.5) X 10"'* 


VLBI [2251 


Gravitational 
redshift 




no constraints 




Geodetic 
Precession 


^g/^'^g''^ = bt 


(7-l)±(t2±^ti) < 1.1 X 10-* 


Gravity 
Probe B 


Frame- 
dragging 




\{j—l+ja-i) — ^{wi+W2~Ws—2w4+W5)\ < 

0.024 


Gravity 
Probe B 



Table 2.1: Constraints of PPN and torsion parameters with solar system tests. The ob- 
servational constraints on PPN parameters are taken from Table 4 of |268j . Unpublished 
preliminary results of Gravity Probe B have confirmed geodetic precession to better than 
1%, giving a constraint \{'y - I) + {t2 + ^ 0.01. The full GPB results are yet to be 

released, so whether the frame dragging will agree with the GR prediction is not currently 
known. The last two rows show the limits that would correspond to a GPB result consistent 
with GR, assuming an angle accuracy of 0.5 milli-arcseconds. 




Figure 2-2: Constraints on the PPN parameters (7, oi) and torsion parameters {ti, t2, wi . . .W5) from 
solar system tests. General Relativity corresponds to the black dot (7 — 1 = qi — all torsion parameters = 0). 
Left panel: the shaded regions in the parameter space have already been ruled out by the deflection of light 
(orange/grey) and Shapiro time delay (yellow/light grey). Gyroscope experiments are sensitive to torsion 
parameters. If the geodetic precession measured by Gravity Probe B is consistent with GR, this will rule 
out everything outside the hatched region, implying that —1.5 x 10"* < t2 ± < 1-1 x lO"* (assuming a 
target angle accuracy of 0.5 milli-arcseconds). The unpublished preliminary results of Gravity Probe B have 
conflrmed the geodetic precession to better than 1%, giving a constraint \t2 + ^iij i$ 0.01. Right panel: 
the shaded regions in the parameter space have already been ruled out by Shapiro time delay combined 
with lunar laser ranging experiment (yellow/light grey). Lunar laser ranging constrains |ai| < lO"'* [268) . If 
the frame-dragging effect measured by Gravity Probe B is consistent with GR, this will rule out everything 
outside the hatched region, implying that \wi + W2 — ws — 2w4 ± W5I < 4.8 x 10"^. 
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that the answer is yes by exploring the specific example of the Hayashi-Shirafuji Lagrangian 
|101j in Weitzenbock spacetime, showing that it populates a certain subset of the torsion 
degrees of freedom that we parametrized above and that this torsion mimics the Kerr metric 
to lowest order even though the Riemann curvature of spacetime vanishes. We begin with 
a brief review of Weitzenbock spacetime and the Hayashi-Shirafuji Lagrangian, then give 
the linearized solution in terms of the seven parameters ti,t2,wi, ... ,11)5 from above. The 
solution we will derive is a particular special case of what the symmetry principles allow, 
and is for the particularly simple case where the Riemann curvature vanishes (Weitzenbock 
spacetime) . Later in Section 12.91 we will give a more general Lagrangian producing both 
torsion and curvature, effectively interpolating between the Weitzenbock case below and 
standard GR. 

We adopt the convention only here in Section [2.81 and Section [2.91 that Latin letters are 
indices for the internal basis, whereas Greek letters are spacetime indices, both running 
from to 3. 

2.8.1 Weitzenbock spacetime 

We give a compact review of Weitzenbock spacetime and Hayashi-Shirafuji Lagrangian here 
and in Section 12.8.21 respectively. We refer the interested reader to their original papers 
|26H I101| for a complete survey of these subjects. 

Weitzenbock spacetime is a Riemann-Cartan spacetime in which the Riemann curvature 
tensor, defined in Eq. (j2.9p . vanishes identically: 

^V(r) = 0. (2.81) 

Figure [LD illustrates how Weitzenbock spacetime is related to other spacetimes. 

Consider a local coordinate neighborhood of a point p in a Weitzenbock manifold with 
local coordinates x^. Introduce the coordinate basis {E = {(d/dxf^)^} and the dual basis 
l^'^l = {{dx'^)p}. A vector V at p can be written asV = V^E ^. The manifold is equipped 
with an inner product; the metric is the inner product of the coordinate basis vectors, 

g{E^, E^) = g{E^, E ^) = g^^ . 

There exists a quadruplet of orthonormal vector fields ek{p), where ek{p) = e^{p)E ^j^, such 
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that 

g{ek,ei) = g^^e^^ei" = r]ku (2-82) 

where r]ki = diag(— 1, 1, 1, 1). There also exists a dual quadruplet of orthonormal vector 
fields e*^(p), where e^{p) = e'^^{p)E^, such that 

e,^e\ = 5^,, e,^e\ = 5,K (2.83) 

This implies that 

mie''f,e^^ = g^u. (2.84) 

which is often phrased as the 4x4 matrix e (a.k.a. the tetrad or vierbein) being "the square 
root of the metric" . 

An alternative definition of Weitzenbock spacetime that is equivalent to that of Eq. (|2.8ip 
is the requirement that the Riemann-Cartan spacetime admit a quadruplet of linearly in- 
dependent parallel vector fields e^ , defined bjc 

V^e/ = V/ + rVe/ = 0. (2.85) 



Solving this equation, one finds that 



pA _ Ao k 
^ fiu ~ '^k "^M^ V ) 



and that the torsion tensor 



S,u' = le,\d,e\-d,e''^). (2.87) 

This property of allowing globally parallel basis vector fields was termed "teleparallelism" 
by Einstein, since it allows unambiguous parallel transport, and formed the foundation of 
the torsion theory he termed "new general relativity" [78l ESI EZa [2001 ttM UHl [2511 
[2S21 [Ml [Ml [Sa [Mil [Sa [Ml [152] . 

A few additional comments are in order: 

1. It is easy to verify that the first definition of Weitzenbock spacetime (as curvature- 



^Note that Hayashi and Shirafuji 101 adopted a convention where the order of the lower index placement 
in the connection is opposite to that in Eq. (|2.85p . 
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free, i.e. via Eq. (j2.8ip ) follows from the second definition — one simply uses the the 
explicit expression for the connection (Eq. I2.86p . It is also straightforward to verify 
that V^Qup = using Eq. (fZM]) and ^M^. 

2. Eq. (j2.86p is form invariant under general (spacetime) coordinate transformations due 
to the nonlinear transformation law (Eq. (I2.18P ) of the connection, provided that e^^ 
and e^^ transform as a contravariant vector and a covariant vector, respectively. 

3. The Weitzenbock spacetime preserves its geometry under global proper orthochronous 
Lorentz transformations, i.e. a new equivalent quadruplet of parallel vector fields e' 
is obtained by a global proper orthochronous Lorentz transformation, e' ^ = A'^e^^. 



2.8.2 Hayashi-Shirafuji Lagrangian 

The Hayashi-Shirafuji Lagrangian [101] is a gravitational Lagrangian density constructed in 
the geometry of Weitzenbock spacetimq^j. It is a Poincare gauge theory in that the parallel 
vector fields (rather than the metric or torsion) are the basic entities with respect to 
which the action is varied to obtain the gravitational field equations. 

First, note that the torsion tensor in Eq. ()2.87p is reducible under the group of global 
Lorentz transformation. It can be decomposed into three irreducible parts under this 
Lorentz group [TUgj^H . i.e. into parts which do not mix under a global Lorentz trans- 



formation: 

11 1 

txfjLu = -j^iSupx + SuXn) + -^{guxvp + gupvx) - -gxiiV^ , (2.88) 

= V' (2-89) 
= (2-90) 

Here e^ypa = \/—ge^upa and e^'^f"^ = e^^^'^ j ^ —g are 4-tensors, and the Levi-Civita symbol 
is normalized such that eoi23 = — 1 and e'^^^s = The tensor tx^y satisfies tx^^y = t^xi/, 
g^^txp,v = g^^txp,v = 0, and tx^u + ipuX + tvXp. = 0. Conversely, the torsion can be written 



^°The Hayashi-Shirafuji theory differs from the teleparallel gravity theory decribed in [131 114]. which is 
argued to be fully equivalent to GR. 

^^Note that we denote the irreducible parts (i.e. t\^^,Vf_i,,a^) by the same letters as in ,101 , but that 
these quantities here are only one half as large as in 101 , due to different conventions in the definition of 
torsion. Similarly, the quantities ci,C2,C3 in Eq. (|2.92p are four times as large as in (101"| . 
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in terms of its irreducible parts as 



Svfix = -{txixv - tx„^) + -{gx^,Vu - gxuVfj.) + exixvpa'' . (2-91) 

In order that the field equation be a second-order differential equation in (so that 
torsion can propagate), the Lagrangian is required to be quadratic in the torsion tensor. 
In addition, the Lagrangian should be invariant under the group of general coordinate 
transformations, under the global proper orthochronous Lorentz group, and under parity 
reversal in the internal basis (eo^eo,ea— > — Cq)- Hayashi and Shirafuji suggested the 
gravitational action of the following form |101j : 

Ig = j d^x^ [ ({ }) + ci t^^'Hxf.u + C2 v^'v^ + C3 a^a^] , (2.92) 

where ci, 02,03 are three free parameters, R{{}) is the scalar curvature calculated using 
the Levi-Civita connection and k = SirG/c^. The vacuum field equations are obtained by 
varying this action with respect to the tetrad e^^^ and then multiplying by rf^^e^ . Note 
that in Hayashi-Shirafuji theory, the torsion (or equivalently, the connection) is not an 
independent variable as in some standard torsion theories |108j . Instead, the torsion is 
exclusively determined by the tetrad via Eq. (|2.87p . The resultant field equation is 

— G'^^({ }) + VaF'^''^ + vxF^''^ + R^"" - ^g^^'L^ = . (2.93) 
2k 2 

Here the first term denotes the Einstein tensor calculated using the Levi-Civita connec- 
tion, but the field equation receives important non-Riemannian contributions from torsion 
through the other terms. The other tensors in Eq. (j2.93p are defined as follows: 

F^"'^ = ciit^'"^ -t^^^) + C2ig^''v^ -g^'\'')--C3e^"'^Pap, (2.94) 

3 

^ 2S''''PFp^'' - S^'P'^F^p^, (2.95) 

L2 = ci t^^^tA;.^ + C2 + C3 a% . (2.96) 

Since torsion is the first derivative of the tetrad as per Eq. (|2.87p . the field equation is a 
nonlinear second-order differential equation of the tetrad. Consequently, the tetrad (hence 
the torsion) can propagate in the vacuum. 
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2.8.3 Static, spherically and parity symmetric vacuum solution 



Hayashi and Shirafuji derived the exact static, spherically and parity symmetric R^upa = 
vacuum solutions for this Lagrangian in |101j . The parallel vector fields take the following 
form in isotropic rectangular coordinates (here Latin letters are spatial indices) [101] : 



e, 



' \ pr J \ qr J 



ea ' = 0, 

1-^) + SI, (2.97) 

pr J \ qr J 

where mo is a parameter with units of mass and will be related to the physical mass of the 
central gravitating body in Section 12.101 The new parameters p and q are functions of a 
dimensionless parameter e: 

k(ci + Co) 

e = \ , , 2.98 

1 + k{ci + 4C2) ^ ^ 

P ^ 3-^{[(l-6)(l-46)]V2-26}, (2.99) 
q ^ _i_{[(l_,)(l_4e)]V2 + 26}. (2.100) 

Here k = SttG. 



The line element in the static, spherically and parity symmetric field takes the exact 
form [M] 

= _ f 1 _ '^Y (r + !=£)-'.,^ + (i _ ^y-' f 1 + !!!£)"'. .M... (2.101) 

\ pr J \ qr J \ pr J \ qr J 

In order to generalize this solution to the axisymmetric case, we transform the parallel 
vector fields into standard spherical coordinates and keep terms to first order in mo/r (the 
subscript "sp" stands for "spherical"): 
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(2.102) 

A particularly interesting solution is that for the parameter choice ci = — C2 so that 
e = and p = q = 2. Eq. ()2.10ip shows that the resultant metric coincides with the 
Schwarzschild metric around an object of mass tjiq. The parameter C3 is irrelevant here 
because of the static, spherically and parity symmetric field. When ci + C2 is small but 
nonzero, we have e ^ 1 and 



p = 2 + e + 0(e^), 
q = 2 + 9e + 0{e^). 



(2.103) 
(2.104) 



By using equations (j2.84p . (j2.86p and (j2.87p . we find that the linearized metric and 
torsion match our parametrization in Section [2. 3. 1[ When e <C 1, the line element is 



1 



l + 2(l-2e) 



mo 



(2.105) 



and the torsion is 



S. 



re 



mo 
'2r2 



-(l-2e). 2 



mo 
2r2 



(2.106) 
(2.107) 



both to linear order in mo/r. 



2.8.4 Solution around Earth 

We now investigate the field generated by a uniformly rotating spherical body to first order 
in Ea- It seems reasonable to assume that to first order the metric coincides with the 
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Kerr-like metric, i.e. 



(2.108) 



around an object of specific angular momentum a in the linear regime mo/r <C 1 and 
a/r ^ 1. Since the Kerr-like metric automatically satisfies G{{}) = in vacuum, the 
vacuum field equation reduces to 



0. 



(2.109) 



We now employ our parametrization with "mass" in Eq. (|2.22p replaced by mg, where mg 
is the parameter in accordance with Section [2.8.3i In Section [2.101 we will apply the Kerr 
solution Q = —2 after re-scaling mo to correspond to the physical mass. Imposing the 



no-curvature condition R 



/lupcr 



0, we find that this condition and Eq. (j2.109p are satisfied 



to lowest order in mo/r and a/r if 
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Here a superscript (0) indicates the parametrization with mo in place of m. ao is an 
undetermined constant and should depend on the Lagrangian parameters ci, C2 and C3. 
This parameter has no effect on the precession of a gyroscope or on any of the other 
observational constraints that we consider, so its value is irrelevant to the present chapter. 

The parallel vector fields that give the Kerr metric, the connection and the torsion 
(including the spherically symmetric part) via equations (j2.83p - ()2.84p and (j2.86p - (j2.87p 
take the following form to linear order: 
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Table 2.2: Summary of metric and torsion parameters for General Relativity, Hayashi- 
Shirafuji gravity and Einstein-Hayashi-Sliirafuji (EHS) theories. The subscript indicates 
all parameter values are normalized by an arbitrary constant ttiq (with the units of mass) 
that is not necessarily the physical mass of the body generating the gravity. The pa- 
rameter ao in frame-dragging torsions is an undetermined constant and should depend on 
the Hayashi-Shirafuji Lagrangian parameters ci, C2 and C3. The parameter r, defined in 
Eq. (j2.98p and assumed small, is an indicator of how close the emergent metric is to the 
Schwarzschild metric. The values in the column of Einstein-Hayashi-Shirafuji interpolation 
are those in the Hayashi-Shirafuji times the interpolation parameter a. 



2.9 A toy model: linear interpolation in Riemann-Cartan 
Space between GR and Hayashi-Shirafuji Lagrangian 

We found that the Hayashi-Shirafuji Lagrangian admits both the Schwarzschild metric and 
(at least to linear order) the Kerr metric, but in the Weitzenbock spacetime where there 
is no Riemann curvature and all spacetime structure is due to torsion. This is therefore 
an opposite extreme of GR, which admits these same metrics in Riemann spacetime with 
all curvature and no torsion. Both of these solutions can be embedded in Riemann-Cartan 
spacetime, and we will now present a more general two-parameter family of Lagrangians 
that interpolates between these two extremes, always allowing the Kerr metric and gener- 
ally explaining the spacetime distortion with a combination of curvature and torsion. After 
the first version of this chapter was submitted, Flanagan and Rosenthal showed that the 
Einstein-Hayashi-Shirafuji Lagrangian has serious defects [91j . while leaving open the possi- 
bility that there may be other viable Lagrangians in the same class (where spinning objects 
generate and feel propagating torsion). This Lagrangian should therefore not be viewed 



82 



as a viable physical model, but as a pedagogical toy model admitting both curvature and 
torsion, giving concrete illustrations of the various effects and constraints that we discuss. 



This family of theories, which we will term Einstein-Hayashi-Shirafuji (EHS) theories, 
have an action in in Riemann-Cartan space of the form 

Ig = J d^x^ [ ({ }) + ci t^^'^tx^u + cs v'^v^ + cg a^a^] (2.112) 

where a is a parameter in the range < o" < 1. Here the tensors t\fj_^, and are 
the decomposition (in accordance with Eqs l2.88T — I2.90p of cr^^S,^^x, which is independent 
of a and depends only on e*^ as per Eq. (j2.114p . The function o"^ associated with the 
coefficients ci, C2 and C3 in Eq. (j2.112p may be replaced by any other regular function of a 
that approaches to zero as o" ^ 0. The metric in the EHS theories is defined in Eq. (j2.84p . 
Similar to the Hayashi-Shirafuji theory, the field equation for EHS theories is obtained by 
varying the action with respect to the tetrad. The resultant field equation is identical to that 
for the Hayashi-Shirafuji Lagrangian (Eq. I2.93|) except for the replacement ci^2.3 o'^ci^2.3- 
Also, the S^'^'P in Eq. is replaced by a'^S^^'P. Thus the EHS Lagrangian admits 

the same solution for CjJ^. Since the metric is independent of the parameter a, the EHS 
Lagrangian admits both the spherically symmetric metric in Eq. (j2.10ip and the Kerr-like 
metric in Eq. (j2.108p . at least to the linear order. For the spherically symmetric metric, 
the parameter e in Hayashi-Shirafuji theory is generalized to a new parameter r in EHS 
theories, defined by the replacement ci_2 —>■ <^'^ci^2- 

-- ^^^'(^1+^2) (2.113) 



1-Fko-2(ci +4c2) 



The torsion around Earth is linearly proportional to a, given by the parameter a times 
the solution in Eq. (|2.1U6p and (|2.110D : 

S,.'^^e,\d,e^-d.e'^). (2.114) 

By virtue of Eq. (12. 7p (the metric compatibility condition), it is straightforward to show 
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that the connection is of the form 

rV = (l-^)| ^ l+^e/a^e^. (2.115) 

EHS theory thus interpolates smoothly between metric gravity e.g. GR (cr = 0) and the 
all-torsion Hayashi-Shirafuji theory (a = 1). If u 7^ 1, it is straightforward to verify that the 
curvature calculated by the full connection does not vanish. Therefore, the EHS theories 
live in neither Weitzenbock space nor the Riemann space, but in the Riemann-Cartan space 
that admits both torsion and curvature. 

It is interesting to note that since the Lagrangian parameters ci and C2 are independent 
of the torsion parameter a, the effective parameter r is not necessarily equal to zero when 
(7 = (i.e. , (T^ci or a'^C2 can be still finite). In this case (fi = and yet r 7^ 0), obviously 
this EHS theory is an extension to GR without adding torsion. In addition to the extra 
terms in the Lagrangian of Eq. (|2.112p . the extension is subtle in the symmetry of the 
Lagrangian. In the tetrad formalism of GR, local Lorentz transformations are symmetries 
in the internal space of tetrads. Here in this cr = 0, r 7^ EHS theory, the allowed internal 
symmetry is global Lorentz transformations as in the Weitzenbock spacetime, because tx^u^ 
and contain the partial derivatives of tetrads (see Eq. 12.11^ . So the a = and r 7^ 
EHS theory is a tetrad theory in Riemann spacetime with less gauge freedom. 

Since GR is so far consistent with all known observations, it is interesting to explore (as 
we will below) what observational upper limits can be placed on both a and r. 

2.10 Example: testing Einstein Hayashi-Shirafuji theories 
with GPB and other solar system experiments 

Above we calculated the observable effects that arbitrary Earth-induced torsion, if present, 
would have on GPB. As a foil against which to test GR, let us now investigate the observable 
effects that would result for the explicit Einstein-Hayashi-Shirafuji class of torsion theories 
that we studied in Section 12.8.41 and 12.91 

There are four parameters ci, C2, C3 and a that define an EHS theory via the action in 
Eq. (j2.112p . We will test EHS theories with GPB and other solar system experiments. For 
all these weak field experiments, only two EHS parameters — r (defined in Eq. (I2.113P ) 
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Table 2.3: Summary of metric and torsion parameters for Einstein-Hayashi-Shirafuji (EHS) 
theories of interpolation parameter a in autoparallel scheme and in extremal scheme. All 
parameter values are normalized by the physical mass m of the body generating the gravity. 
The parameter g and a are related to ^0 and ao in Table 12.21 by ^ = ^o/(l — o") and 
a = ao/(l ~ o") in autoparallel scheme, g = g^ and a = oq in extremal scheme. The value 
for g is set to —2 by the Kerr metric in linear regime m/r <C 1 and a/r <^ 1. 
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Table 2.4: Summary of the predicted Fourier moments of the precession rate for General 
Relativity and the Einstein-Hayashi-Shirafuji (EHS) theories in autoparallel scheme and in 
extremal scheme, r] = +1 for extremal scheme using S^'^, and —1 for extremal scheme using 
S^. Other multiple moments vanish. Here m and Icue are the Earth's mass and rotational 
angular momentum, respectively. 
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Table 2.5: Summary of solar system experiments (1): the biases relative to GR predictions 
for the Einstein-Hayashi-Shirafuji (EHS) theories. Both parameters r and a are assumed 
small. The biases in the PPN formalism are also listed for comparison, taken from |268j . 
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Table 2.6: Summary of solar system experiments (2): constraints on the PPN and EHS 
parameters. The constraints on PPN parameters are taken from Table 4 and Page 12 of 
[268] • The full results of Gravity Probe B are yet to be released, so whether the frame 
dragging will agree with the GR prediction is not currently known. The last two rows show 
the limits that would correspond to a GPB result consistent with GR, assuming an angle 
accuracy of 0.5 milli-arcseconds. 
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Figure 2-3: Constraints on the EHS parameters (a, t) from solar system tests in the autoparallel scheme 
(left panel) and in the extremal scheme (right panel). General Relativity corresponds to the black dot 
((T = r = 0). The shaded regions in the parameter space have already been ruled out by Mercury's 
perihelion shift (red/dark grey), the deflection of light (orange/grey), Shapiro time delay (yellow/light grey) 
and gravitational redshift (cyan/light grey). If the geodetic precession and frame-dragging measured by 
Gravity Probe B are consistent with GR to the target accuracy of 0.5 milli-arcseconds, this will rule out 
everything outside the hatched region, implying that: (1) in the autoparallel scheme, < a < 8.0 x 10~^ 
and -2.3 x 10"^ < r < 5.7 x 10"^; (2) in the extremal scheme, < cr < 1.1 x 10"" and -2.3 x 10"^ < r < 
0.1 X 10~^. Preliminary result of Gravity Probe B have only confirmed the geodetic precession to about 1%, 
thus (1) in the autoparallel scheme, bringing no further constraints beyond those from gravitational redshift, 
and (2) in the extremal scheme, implying that a < 0.01. 



and cr, both assumed small — that are functions of the said four are relevant and to be 
constrained below. 

The predicted EHS metric and torsion parameters, studied in Section 12.91 are listed in 
Table 12.21 Below, we will test both the autoparallel and extremal calculation schemes. In 
each scheme, the physical mass m will be determined by the Newtonian limit. All metric 
and torsion parameters are converted in accordance with m and listed in Table [231 Then 
the parameter space (r, cr) will be constrained by solar system experiments. 



2.10.1 Autoparallel scheme 

Hayashi-Shirafuji maximal torsion theory is inconsistent with the autoparallel scheme, since 
h - n/2 = (see h and Ti in Table E^]). By Eq. (jOTt) . this means that dv/dt = 
+ 0{m/r)'^. The violation of Newton's law rules out the application of the autoparallel 
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scheme to the Hayashi-Shirafuji theory. 

However, the Einstein-Hayashi-Shirafuji theories can be consistent with this scheme. 
Using Table 12.21 the Newtonian hmit can be written as 



dv 
dt 




(2.116) 



so the physical mass of the central gravitating body is 



m = (1 — a)mo . 



(2.117) 



Table 12.31 lists values of metric and torsion parameters in accordance with the physical 
mass m. Using these parameters, the precession rates of gyroscopes in GPB orbit can be 
calculated via equations (l2:68]l . (12:69]) . (12:70]) and ([2:73]) . The results are hsted in Table US 
For GPB, the average precession rates are the only experimentally accessible observables in 
practice. GPB will measure the precession of gyroscopes with respect to two different axes: 
the orbital angular velocity loq (geodetic precession) and the Earth's rotational angular 
velocity uje (frame-dragging). As indicated in Table [231 the geodetic precession and frame- 
dragging rates are 



General Relativity, respectively. 

The existing solar system experiments, including Shapiro time delay, deflection of light, 
gravitational redshift, advance of Mercury's perihelion, can put constraints on the parame- 
ters T and a. The derivation of these constraints essentially follow any standard textbook 
of General Relativity [171] except for more general allowance of parameter values, so we 
leave the technical detail in Appendix 12. CI with the results summarized in Table [231 

It is customary that biases of GR predictions are expressed in terms of PPN parameters 
on which observational constraints can be placed with solar system experiments. In EHS 
theories, these biases are expressed in terms of the parameters r and a. Thus we can place 
constraints on the EHS parameters r and a by setting up the correspondence between PPN 




(2.118) 



(2.119) 



where 0,^^^^ and $7^'^^ 



are the geodetic precession and frame-dragging rate predicted by 
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Figure 2-4: Predictions for the average precession rate by General Relativity, Hayashi-Shirafuji (HS) 
gravity and Einstein-Hayashi-Shirafuji theories (for the case of r = and the Kerr solution Q = —2) that 
interpolate between these two extremes, in the extremal scheme, ^gp is the geodetic precession rate around 
the orbital angular velocity vector uo and ^fd is the angular frame-dragging rate around Earth's rotation 
ajcis uje- The shaded areas of about 0.5 milli-arcseconds per year in radius are the approximate forecast GPB 
measurement uncertainties. The two calculation schemes using S'^ and S*"^ with extremals for the Hayashi- 
Shirafuji Lagrangian (labeled "HS" in the figure) agree on the predicted average rates. The unpublished 
preliminary results of Gravity Probe B have confirmed the geodetic precession to better than 1%, so this 
already rules out the Hayashi-Shirafuji Lagrangian and most EHS theories in the extremal scheme in the 
sense that a < 0.01. 



and EHS parameters via the bias expression. Table [231 lists the biases in the PPN formalism 
for this purpose, and Table \TM lists the observational constraints on the EHS parameters r 
and a with the existing solar system tests. 

If GPB would see no evidence of the torsion induced precession effects, the (T,cr) pa- 
rameter space can be further constrained. Together with other solar system experiments, 
the observational constraints are listed in Table 12.61 and shown in Figure 12-31 (left panel) . 



2.10.2 Extremal scheme 

Einstein-Hayashi-Shirafuji theories predict Ti. = —2 regardless of r and a. By the Newtonian 
limit, therefore, the physical mass of the central gravitating body is just the mass parameter 
mo, i.e. m = mo- So the parameter values do not need rescaling and are re-listed in Table 
12. 3[ By these parameters the precession rates can be calculated and listed in Table 12.41 As 
indicated in Table 12.41 the geodetic precession and frame-dragging rates are 




(2.120) 



(2.121) 
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It is worth noting again that the extremal scheme is not a fuhy consistent framework 
from the theoretical point of view. However, it serves perfectly to show the role of EHS 
theories as the bridge between no-torsion GR and Hayashi-Shirafuji maximal torsion theory. 
Figure [231 illustrates this connectivity in terms of the predictions of GR, Hayashi-Shirafuji 
theory and the intermediate < a < 1 EHS theories, taking r = and Kerr solution 
Q = —2, on the average precession rate (the ao in Table [2^ . The EHS theories are seen to 
connect the extreme GR and HS cases with a straight line. If the data released by GPB ends 
up falling within the shaded area corresponding to the GR prediction, the Hayashi-Shirafuji 
Lagrangian will thus have been ruled out with very high significance, and the GPB torsion 
constraints can be quantified as sharp upper limits on the u-parameter. 

More generally. Gravity Probe B will improve the constraints on the (t,(t) parameter 
space by its precise measurements of precession rates, in addition to the constraints put by 
existing solar system experiments. These constraints are listed in Table 12.61 and shown in 
Figure [2^ (right panel). As before, the technical details are given in Appendix 12. C[ 

2.10.3 Preliminary constraints from GPB's unpublished results 

In April 2007, Gravity Probe B team announced that, while they continued mining the data 
for the ultimately optimal accuracy, the geodetic precession was found to agree with GR 
at the 1% level. The frame-dragging yet awaits to be confirmed. Albeit preliminary, these 
unpublished results, together with solar system tests, already place the first constraint on 
some torsion parameters to the 1% level. More quantitatively, \t2 + ~ 0.01 in the 

model-independent framework, while wi + W2 — ws — 2w4 + is not constrained. In the 
context of EHS theories, the constraint is scheme dependent. In the autoparallel scheme, 
GPB's preliminary results place no better constraints than those from gravitational redshift 
10"'^). In the extremal scheme, however, the preliminary results give the constraint 
a < 0.01. The bottom line is that GPB has constrained torsion parameters to the 1% level 
now and will probably reach the 10~^ level in the future. 

2.11 Conclusions and Outlook 

The PPN formalism has demonstrated that a great way to test GR is to embed it in 
a broader parametrized class of theories, and to constrain the corresponding parameters 
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observationally. In this spirit, we have explored observational constraints on generalizations 
of GR including torsion. 

Using symmetry arguments, we showed that to lowest order, the torsion field around a 
uniformly rotating spherical mass such as Earth is determined by merely seven dimensionless 
parameters. We worked out the predictions for these seven torsion parameters for a two- 
parameter Einstein-Hayashi-Shirafuji generalization of GR which includes as special cases 
both standard no-torsion GR (cr = 0) and the no-curvature, all torsion (cr = 1) Weitzenbock 
spacetime. We showed that classical solar system tests rule out a large class of these models, 
and that Gravity Probe B (GPB) can further improve the constraints. GPB is useful here 
because this class of theories suggested that, depending on the Lagrangian, rotating objects 
can generate torsion observable with gyroscopes. In other words, despite some claims in the 
literature to the contrary, the question of whether there is observable torsion in the solar 
system is one which ultimately can and should be tested experimentally. 

Our results motivate further theoretical and experimental work. On the theoretical side, 
it would be interesting to address in more detail the question of which Lagrangians make 
torsion couple to rotating objects. A well-defined path forward would be to generalize the 
matched asymptotic expansion method of [69^ [70] to match two generalized EHS Kerr- 
like Solutions in the weak-field limit to obtain the laws of motion for two well-separated 
rotating objects, and determine which of the three non-equivalent prescriptions above, if 
any, is correct. It would also be interesting to look for generalizations of the EHS Lagrangian 
that populate a large fraction of the seven torsion degrees of freedom that symmetry allows. 
Finally, additional observational constraints can be investigated involving, e.g. , binary 
pulsars, gravitational waves and cosmology. 

On the experimental side. Gravity Probe B has now successfully completed its data 
taking phase. We have shown that the GPB data constitute a potential gold mine of 
information about torsion, but that its utility for constraining torsion theories will depend 
crucially on how the data are analyzed and released. At a minimum, the average geodetic 
and frame dragging precessions can be compared with the predictions shown in Figure 12-41 
However, if it is technically feasible for the GPB team to extract and publish also different 
linear combinations of the instantaneous precessions corresponding to the second moments 
of these precessions, this would enable looking for further novel effects that GR predicts 
should be absent. In summary, although the nominal goal of GPB is to look for an effect 
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that virtually everybody expects will be present (frame dragging) , it also has the potential 
to either discover torsion or to build further confidence in GR by placing stringent limits 
on torsion theories. 

We wish to thank Francis Everitt, Thomas Faulkner, Friedrich Hehl, Scott Hughes, 
Erotokritos Katsavounidis, Barry Muhlfcldcr, Tom Murphy, Robyn Sanderson, Alexander 
Silbergleit, Molly Swanson, Takamitsu Tanaka and Martin White for helpful discussions 
and comments. 
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2. A Parametrization of torsion in the static, spherically and 
parity symmetric case 



In this appendix, we derive a parametrization of the most general static, sphericahy and 
parity symmetric torsion in isotropic rectangular and spherical coordinates. The symmetry 
conditions are described in Section 12.3.11 with the quantity O now being the torsion tensor 
Sfj_u^. Note that torsion (the antisymmetric part of the connection) is a tensor under general 
coordinate transformations even though the full connection is not. 

First note that time translation invariance is equivalent to the independence of torsion 
on time. Then consider time reversal, under which a component of torsion flips its sign once 
for every temporal index. Invariance under time reversal therefore requires that non-zero 
torsion components have either zero or two temporal indices. Together with the fact that 
torsion is antisymmetric in its first two indices, this restricts the non-zero components of 
torsion to be Sq^^ and Sjj^ {i = 1, 2, 3). 

Now consider the symmetry under (proper or improper) rotation (see Eq. (I2.13P ). The 
orthogonality of the matrix R enables one to write 

dx'^ dt' dt 

= R^i =W\ = = 1 . (2.122 

dx^ ' dx'^ ' dt dt' ^ ' 

Thus formal functional invariance means that 



S.^{x') = W-^R^^R^'S^^\x) = S.^{x'). 



(2.123) 



Eq. ()2.123p requires that the torsion should be built up of and quantities invariant under 
0(3), such as scalar functions of radius and Kronecker (5-functions, since 5'^,-, = K^'^R^'^dij = 
^R^ * = i?* ^{R~^y^ = di'ji . Note that we are interested in the parity symmetric case, 
whereas the Levi-Civita symbol eijk is a three-dimensional pseudo-tensor under orthogonal 
transformations, where "pseudo" means that Cijk is a tensor under SO (3) but not under 
0(3), since e'-,j,f,, = R^' ^ R^' ^ R^' ^ eijk = deti? x ei'j'k' ■ Therefore, eijk is prohibited from 
entering into the construction of the torsion tensor by Eq. ()2.123p . 

Thus using arbitrary combinations of scalar functions of radius, and Kronecker 5- 
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functions, the most general torsion tensor that can be constructed takes the form 



(2.124) 

x''5ji) , (2.125) 

where the combinations tim and t2m are arbitrary functions of radius. Note that in 
Eq. (I2.125p . terms proportional to x'^x^x'^ or x'^djk are forbidden by the antisymmetry of the 
torsion. We will simply treat the functions ti{r) and t2{r) as constants, since GPB orbits 
at a fixed radius. 

Transforming this result to spherical coordinates, we obtain 

, ^ dx^ m 

, j dx^ dx^ do _ m 
'^'^ 'd^Wd^' "*^2^' 
, j dx^ dx^ d(j) m 

All other components not related by the antisymmetry vanish. In the above equations, 
the second equalities follow from the chain rule and the facts that dx^/dr = x^ = e*, 
dx^/dO = rcg, and dx^/d(j) = rsin^e^, where el, eg and are the ith-components of the 
unit vectors in spherical coordinates. To first order in the mass m of the central object, we 
need not distinguish between isotropic and standard spherical coordinates. 



q 

q i 



*^2r3'^ ' 



c t 



S. 



rd 



rtj) 



2.B Parametrization in stationary and spherically axisym- 
metric case 

Above we considered the 0th order contribution to the metric and torsion corresponding to 
the static, spherically and parity symmetric case of a non-rotating spherical source. In this 
appendix, we derive a parametrization of the most general 1st order correction (denoted by 
a superscript (1)) to this metric and torsion that could be caused by rotation of the source, 
i.e. corresponding to the stationary and spherically axisymmetric case. The symmetry 
conditions are described in Section 12.3.21 with the quantity O replaced by the metric gj!^ 
for Appendix 12. B. II and by the torsion S^jJ^ for Appendix 12. B. 21 
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2.B.1 The Metric 



The invariance under time translation makes the metric time independent. Under time 
reversal J —J, and a component of the metric flips its sign once for every temporal 
index. Thus, the formal functional invariance equation for time reversal reads 

±^jNJ)=5i'j(x|-J). (2.126) 

The plus sign in Eq. (j2.126p is for components with even numbers of temporal indices, 
and minus sign for those with odd numbers. Since only terms linear in J/r^ = Em^a are 
concerned, the minus sign in the argument — J can be taken out as an overall factor, implying 
that the non-vanishing components of metric can have only one temporal index. Thus the 
only nonzero first-order correction to g^^ in rectangular coordinates is g^l^ (i=l,2,3). 

Now consider the transformation property under (proper or improper) rotation. By the 
orthogonality of the matrix R, the vector x transforms as x ^ x' = Rx (Eq. ()2.122p ). 
Since J is invariant under parity, formally the transformation of J writes as 

J ^ J' = (detR) X RJ . (2.127) 

The formal functional invariance for rotation reads 

gi'>\x'\3) = R'^gif{x\3) = g'iHx'lJ') • (2-128) 

That J is a pseudo-vector under improper rotation requires that the Levi-Civita symbol 
€ijk, also a pseudo-tensor, appear once and only once (because J appears only once) in the 
metric so as to compensate the detR factor incurred by transformation of J. Other possible 
elements for construction of the metric include scalar functions of radius, x*, J*, 5ij. Having 
known the elements, the only possible construction is therefore 

£^ = ^^^JkJ'x' , (2.129) 

where = x^/r is the unit vector of position vector and Q is dimensionless. Assuming that 
there is no new scale other than the angular momentum J built into the 1st order of torsion 
theory, i.e. no new dimensional parameter with units of length, G{r) must be a constant by 
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dimensional analysis, since the factor J* has explicitly appeared. 

In spherical polar coordinates where the z-axis is parallel to J, this first-order correction 
to the metric takes the form 

gl^=g^s.n^e, (2.130) 
where ma = J is the magnitude of J. All other components vanish. 



2.B.2 The Torsion 

We follow the same methodology as for our parametrization of the metric above. Given 
the time-independence, the property that J reverses under time-reversal requires that the 
non- vanishing components of torsion have only one temporal index, so they are -S*^^]*, sj.lj 
(i,j=l,2,3) in rectangular coordinates. (The antisymmetry of torsion over its first two indices 
excludes the possibility of three temporal indices.) Under (proper or improper) rotation, 
the formal functional invariance equation reads 

5(^).'.*(x'|J) = i?^'=i?^''5(^l*(x|J) = S^]]\x'\J'), 
5«'(x'|J) = R^''R^'sll]ix\J) = 5g(x'|J'). 

Again, in building the torsion, one should use the Levi-Civita symbol Cijk once and only 
once to cancel the detH factor from the transformation of J. The most general construction 
using scalar function of radius, x*, 5ij, J* (also appearing once and only once) and eijk is 

ij — 2f3^^-^^ 2r'^ y^ikix ^jkix ) , 

c(-^) •^'^ jk f^i jk'-l jk 

By the same dimensional argument as in Appendix ()2.B.ip . /i, . . . , /s must be dimensionless 
constants. 

Transforming the above equations to spherical coordinates where the 2;-axis is parallel 
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to J, we obtain to first order 



^(1) t 

r(t> 


^ f dx^ dx^ 
dr d(j) 


ma . 2q 


o(l) * 


^ J dx'^ dx^ 

de d(t> ~ 


ma 

W2 Sin e cos e , 

2r 


tcf) 


dx^ dxJ 
dcp dr 


ma . 2. 
= w-i — sm a . 




00 ^ dx' dx^ 
~ ^ ^''^ dct> de 


= Wi — 5- sm^cosy 


tr 




ma 




0(1) <!> 
te 


~ ^ ^''^ de d<t> 


ma 

= —wa — 5- cot e . 

2r3 



All other components vanish. The constants are related by wi = fi — f2, W2 = fi, = 
/4 - /a, m = -/a, ^5 = f5 + /a. 



2.C Constraining torsion with solar system experiments 
2.C.1 Shapiro time delay 

For the electromagnetic field, if torsion is coupled to the vector potential by the "nat- 
ural" extension, i.e. , d^j^A^ — V^Ai, using the full connection, the Maxwell Lagrangian 
— jFni^F'^" will contain a quadratic term in An that makes the photon massive and breaks 
gauge invariance in the conventional form. Since the photon mass has been experimentally 

constrained to be < 10^^'' eV, we assume that A^ does not couple to torsion. Instead, we 
assume that the Maxwell field Lagrangian in the curved spacetime with torsion follows the 
extension df^A^ vj^^^,^ using the Levi-Civita connection. Since the Levi-Civita connec- 
tion depends on the metric and its derivatives only, light rays follow extremal curves (metric 
geodesies). 

In general, assume the line element in the field around a (physical) mass m is 



m 

i + n— 

r 



l+T— 
r 



dr^ + r^dO^ (2.131) 



The effect of the rotation of the mass can be ignored when the rotation is slow. 

Light deflection angle is tiny for the solar system tests we consider, so a ray can be 
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well approximated by a straight line. Let us use coordinates where the Sun (of mass m), 
the Earth and a planet reflecting the light ray are all in the x-y plane {9 = vr/2) and the 
X-axis points along the ray from the planet to Earth (see Figure [2^ . Let D be the minimal 
distance of the ray from the Sun. Then rsinc/) = D, or rd<p = — tan (j)dr. Since ds^ = for 
a light ray, 



dt 



(1 + n^)-^{l + + tan^ (l))dr^ 
r'^dr'^ r ,^ „ .^VTL ^mD^^ 

-^—^[i + {J'-n)-- 



m 



r\dr\ , , ^ , m 



2^ 



(2.132) 



The round-trip travel time for an electromagnetic signal bouncing between Earth and the 
Planet in the gravitational field of the Sun is 



r=D j'r=DE 

dt+ I dt 

r=D„ Jr=D 



2[JDl -D^ + JdI - D^] + n)m x In 



DI-D^ + Dp){^D%-D^ + De) 



Dr. 



+ 



De 



(2.133) 



li D De and D <^ Dp, the third term in Eq. (I2.133P is negligible compared to the second 
one. The excess travel time At of a round-trip light ray is 



At = T 



Dl-D^ + 



D^] 



(2.134) 
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where At^^^^ is the excess time predicted by GR 



{De + xe ■ n){Dp -Xp-n) 

L>2 



(2.135) 



Here xe {xp) is the vector from the Sun to the Earth (the planet), and h is the unit vector 
from the planet to Earth (see Figure l2-5p . 

For EHS theories in the autoparallel scheme, [T — 'H)IA, = (1 — e)/(l — o") « 1 + o" — e, 
if fj ^ 1. For EHS theories in the extremal scheme, {T — 'H)/4 = 1 — e. 



2.C.2 Deflection of light 

As discussed in Appendix I2.C.H we assume that a light ray follows an extremal curve 
(metric geodesic), taking the form 

^ = ;^4 " |f^^i^=0. (2.136) 

Dt dT^ \ \ dT dr 

Here D^^ / Dt denotes the covariant differentiation using the Levi-Civita connection. 
The fj, = t component of the metric geodesic is 

d'^t dt dr ^ 

dr'^ j,2 ^j- 

or, to order 0{m/r), where m is the mass of the Sun deflecting the light. 



d_ 
d^ 



r ar 



Integrating this gives a conserved quantity, 

A: = (1 + W-)-^ = const. (2.137) 
r dr 

The fi = 9 component of the metric geodesic admits the planar solution 9 = tt/2. The 
H = (p component of the metric geodesic, when 9 = tt/2, is 



2drd(j)_^ 
dr"^ r dr dr ' 
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whose first integral gives another conserved quantity, 

/i = = const. (2.138) 

ur 



For light rays in the equatorial plane 9 = 7r/2, 



m 

i + n— 

r . 



dty 

d-r) + 



r 



dr 



dT 



(2.139) 



Note that the /i = r component of the metric geodesic is not independent of Eq. ()2.139p . 
Rewriting dt/dr and d(f)/dT in terms of k and h via Eq. (|2.150p and Eq. (j2.15ip . respectively, 
and using the fact that dr/dr = {dr / d(l)){d(f)/ dr)^ one finds 



d^u 3^ 2 k'^T + n 



(2.140) 



where u = 1/r. The solution to order 0{m) is 



sm.6 Tm ,^ ^ , n 
u = — ^ + (1 + C cos + cos 



-m . 



(2.141) 



where D is the minimal distance of the ray to the Sun. The x-axis is set up to be along the 
incoming direction of the ray. C is an arbitrary constant that can be determined at (p = tt 
(incoming infinity). As long as deflection angle 6 <^ 1, 



D n'^ 



(2.142) 



Using 



— = r —(1 — H — ) K, r — = D 

k dt^ r ' dt 



is the angular momentum of the light ray relative to the Sun, we finally obtain 



(2.143) 



5 ~ 



(2.144) 



where (5^*^^) = Am/D is the deflection angle predicted by GR to lowest order. 
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2.C.3 Gravitational Redshift 



As discussed above, we assume that the orbits of Hght rays are metric geodesies even when 
there is non-zero torsion. Non-relativistically, the metric geodesic equation for a test particle 
is 

Effectively this introduces the gravitational potential U, defined hy dv/dt = F = — VC/, 

U = -t2^l!Ii, (2.146) 
2 r 

Thus the gravitational redshift of photons is 



v 2 \ V J 

where (Az^/i/)^'^-^) is the redshift predicted by GR 

' ml 1 



A. _ (-«) /•A.y-) _ p^^^^j 



). (2.148) 

For EHS theories in the autoparallel scheme, —7i/2 = 1/(1 — a) ~ 1 + a for a <C 1. For 
EHS theories in extremal scheme, —71/ 2 = 1 exactly. 



2.C.4 Advance of Mercury's Perihelion in autoparallel scheme 

In the autoparallel scheme, a massive test particle (e.g. a planet in the field of the Sun) 
follows an autoparallel curve (i.e. an affine geodesic). We now derive the advance of the 
perihelion when torsion is present. The autoparallel equation reads 

Du^^ d^x>^ ., dx" dxP ,„ ^ 

where D/Dt is the covariant differentiation by the full connection. 
The /i = t component of Eq. ()2.149p reads 

d'^t , dt dr 

d^^^^'^-''^V^d-rd-r='^ 
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or, to order 0{m/r), where m is the mass of the central gravitating body (e.g. the Sun), 

d \ / , m\ dt 



The integral gives a conserved quantity A:, 



k= {I + (n -ti)—] — = const 
r / dr 



The fj, = 9 component of Eq. (|2.149p admits the planar solution 
component of Eq. (|2.149|) . when = 7r/2, is 

dr"^ r dr dr ' 

whose first integral gives another conserved quantity /i. 



(2.150) 
7r/2. The n = (j) 



h = r (1 + t2 — ) = const 
dr r 



The path parameter r can be chosen so that 



ds'^/dr'^ = g^u 



dx^ dx^ 
dr dr 



(2.151) 



(2.152) 



Eq. ()2.152p is consistent with the autoparallel scheme since ^ pQ^u = and Du^/Dt = 0. 
Note that the ^ = r component of Eq. ()2.149p is not independent of Eq. (12.152p . For a test 
particle in the equatorial plane 9 = 7r/2, Eq. (j2.152p reads 



m" 




m' 


i + n— 




l + T- 


L r J 




L r J 



(^)2 _^ ^2^d,<j)^2 

dr dr 



-1. 



(2.153) 



Reusing the trick employed in Appendix 12. C. 21 we find 

^ + u = ^rmu^ + ^ [k^{-n -r + 2ti+ 2t2) +J'- 2t2\ , (2.154) 

to order 0{mu), where u = 1/r. Note that to lowest order k ~ l + 0{m, (velocity)'^), so the 
second term on the right hand side of Eq. (j2.154p becomes (ti —T-L/2)m/h?. Since m is the 
physical mass of the central gravitating body, the autoparallel scheme requires ti — Ti./2 = 1. 
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Now Eq. (j2.154p becomes 

-7-o+u=To+ i:Tmu^ . 2.155 

Solve the equation perturbatively in the order of e = {m/K)^ , i.e. use the ansatz u = uq+eui. 
One finds 



Tfl 

no = 717(1 + e cos 0) (2.156) 



e\ 1 
1 + ecjysmcj) + — (1 — - cos 2(, 



(2.157) 



Eq. (j2.156p gives the classical elliptical orbit with eccentricity e and the semi-latus rectum 
1 - e^) = h^jm. The </> sin</) term in Eq. (j2.157p contributes to the advance of the 
perihelion, while the constant and cos 20 terms do not. Therefore 



n S 1 + e cos 



1 



(2.158) 



In Eq. (|2.158p . we used the fact that the second term inside the cosine is <C 1. The advance 
of the perihelion is now given by 

M = -^-2. = Ueiom^ (2.159) 
where A6'*^'^^) = Q-nm? /h? = Gvrm/p is the perihelion advance predicted by GR. 



2.C.5 Advance of Mercury's Perihelion in extremal scheme 

The extremal scheme assumes that a test particle (e.g. , a planet) follows the metric geodesic 
even though the torsion is present. Following the same algebra as in Appendix I2.C.41 and 
noting that Ti = —2 for the extremal scheme, we finds that the advance of the perihelion 
in the extremal scheme has the same bias factor J- i.e. , Eq. (j2.159p holds. 

2.D Constraining torsion parameters with the upper bounds 
on the photon mass 

In this Appendix, we derive the contraints on torsion parameters that result from assuming 
that the "natural" extension — > (using the full connection) in the electromagnetic 
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Lagrangian. This breaks gauge invar iance, and the photon generically gains a mass via an 
additional term of the form —^^mi^g^^ A^Ay in the Lagrangian as we will now show. The 
assumption gives 



where f^i, = d^Ay — d^A^. The Maxwell Lagrangian therefore becomes 



vX 



(2.160) 



(2.161) 



where JT^^ = S^pS°'^" . The Euler-Lagrange equation for the action S = J d^XyJ—gC-EM 
yields the following equation of motion for A^: 

V^^fi^'^ = 25^//^^ + IK^^'Ax + 2V« (S^^'^Ax) . (2.162) 

Here Vj^ and V^^^ are the covariant derivative w.r.t. the full connection and the Levi-Civita 
connection, respectively. Both the 2nd and 3rd terms on the right hand side of Eq. (j2.162p 
contain the coupling to To clarify this, Eq. ()2.162p can be rewritten non-covariantly as 



+ 2S^"'^d^Ax, (2.163) 



Vlr'' = 23^^^/^" + 2Ax 






f " 1 













in which the 2nd term on the right hand side is the direct coupling of Au. 



The matrix K^'^ is symmetric. If it is also positive definitive up to the metric signature 
( — h ++), the first term in the square bracket may be identified as the photon mass term. 
In the field of a non-rotating mass, using the parametrization (Eqs. 12.141 and I2.15p . it can 
be shown that 



-00 _ tfrn'^ 



K'' = (2.164) 



K^' = 0, (2.165) 
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The matrix K has the eigenvalues — , (with eigenvector f) and -|pr (with 2 degenerate 
eigenvectors). Since the metric signature is ( — h ++), all photon masses are positive or 
zero, The nonzero ones are of order 

TTl 

m^c^t—, (2.167) 

or (with units reinserted) 

9 hG m 

m^c^ ~ t ^ . (2.168 

c 

Here t = max(|ti|, |t2|) and r is the distance of the experiment location to the center of 
the mass m that generates the torsion. For a ground-based experiment here on Earth, this 
gives 

t ~ 4.64 X 10^^m^cV(l eV) . (2.169) 

The upper bound on the photon mass from ground-based experiments is m^c^ < 10"^'' eV 
|140j . so the constraint that this bound places on the dimensionless torsion parameters is 
quite weak. 



Experimentalists can also search for an anomalous electromagnetic force and trans- 
late the null results into photon mass bounds. To leading order, the anomalous force 
is 2d^S'^'^^Ax, since the K-term is proportional to S"^, while the 2nd term in the square 
bracket of Eq. ()2.163|) is proportional to S. In a field of a non-rotating mass m, 

{df,s'"'^f^ = {d^s^"'^f' = {d^s^"'^y^ = o, (2.170) 

(d^S'^'^'r = *25(-5.,+3^) , (2.171) 

which has eigenvalues ^ (0, —1, —1, 2). This cannot be identified as a mass term since 
there must be a negative "mass squared" regardless of the sign of ^2- However, the anoma- 
lous electromagnetic force expressed as a photon mass can be estimated as 

m^c^ ~ ^\t2\n?G^, (2.172) 

or 

~ 1.23 X lO^^m^cVeV . (2.173) 
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This implies that current ground-based experimental upper bounds on the photon mass are 
too weak (giving merely \t\ < 10^, as compared to \t\ = 1 from Hayashi-Shirafuji gravity) 
to place constraints on torsion parameters that are competitive with those from GPB. 
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Chapter 3 



Constraining f{R) Gravity as a 
Scalar Tensor Theory 

3.1 Introduction 

Although the emerging cosmological standard model fits measurements spectacularly well 
(see [231t 1242] for recent reviews), it raises three pressing questions: what is the physics 
of the postulated dark matter, dark energy and inflation energy? The need to postulate 
the existence of as many as three new substances to fit the data has caused unease among 
some cosmologists |197l \198\ \222\ I239j and prompted concern that these complicated dark 
matter flavors constitute a modern form of epicycles. Our only knowledge about these 
purported substances comes from their gravitational effects. There have therefore been 
numerous suggestions that the apparent complications can be eliminated by modifying the 
laws of gravity to remove the need for dark matter [1691 [28] , dark energy [391 [84l [52] and 
inflation |234j . and perhaps even all three together |144] . Since attempts to explain away 
dark matter with modified gravity have been severely challenged by recent observations, 
notably of the so-called bullet cluster [64] , we will focus on dark energy (hereinafter "DE" ) 
and infiation. 

There is also a second motivation for exploring alternative gravity theories: observa- 
tional constraints on parametrized departures from general relativity (GR) have provided 
increasingly precise tests of GR and elevated confidence in its validity [2651 1268] . 
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3.1.1 f{R) gravity 

An extensively studied generalization of general relativity involves modifying the Einstein- 
Hilbert Lagrangian in the simplest possible way, replacing R—2A by a more general function 
/(i?)0[Ml[Z3l[76l[6Ol[ini[5Ol[l88l[Ml[l^ The equations 

of motion derived from this Lagrangian differ from Einstein's field equations when f{R) 
is nonlinear, but the theory retains the elegant property of general coordinate invariance. 
In such a theory, the acceleration of our universe may be explained if f{R) departs from 
linearity at small R, corresponding to late times in cosmological evolution. In this case it 
may be possible to avoid invoking a cosmological constant to explain cosmic acceleration, 
although one then replaces the problem of a small cosmological constant with the prob- 
lem of no cosmological constant. In such models, the effective DE is dynamic, i.e., it is 
not equivalent to a cosmological constant, leading to potentially interesting observational 
signatures. We refer to these models as /(i?)-DE theories. 

In addition to potentially explaining late-time acceleration, f{R) theories may be rele- 
vant to early-universe physics, particularly if f{R) is non-linear at large R |234l 1221] . More 
generally, it is of interest to study f{R) theories because they are arguably the simplest 
setting in which one can attack the general question of which modified theories of gravity 
are allowed. By examining f{R) theories, a broad class of theories containing GR as a 
special case, we continue the program of testing GR as best we can. 

3.1.2 The equivalence with scalar tensor gravity 

The modified Einstein field equations (and so the new Friedmann equation) resulting from 

a non-linear f{R) in the action can be seen simply as the addition of a new scalar degree 

of freedom. In particular, it is well-known that these theories are exactly equivalent to a 

scalar-tensor theory {262^ 1120] . It is therefore no surprise that for /(i?)-DE theories, it is 

this scalar which drives the DE. Before reviewing the mathematics of this equivalence in 

full detail in section [3^2] we will discuss some important qualitative features below. 

One can discuss the theory in terms of the original metric gf^jy , in which case the degrees 

^For the general case where / depends on the full Riemann tensor R'^^^ rather than merely on its 
contraction into the Ricci scalar R, this program is more complicated; a subset of these theories which are 
ghost free can be written as f{R, G), where G = R^ /j.i^aRp'^''" — ^R'^^ Riiv + R? is the Gauss-Bonnet scalar in 
4 dimensions [184j . These theories lack a simple description in terms of canonical fields; there is no so-called 
Einstein Frame. Progress has nevertheless been made along these lines, and such Lagrangians may have 
more relevance to DE |184l 11601 1183j than ones independent of G. 
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of freedom are not manifest. Alternatively, by a conformal relabeling, one can reveal the 
theory to be regular gravity ^^i^, plus scalar field (f). The former viewpoint is referred to as 
the Jordan Frame (JF) and the latter as the Einstein Frame (EF). Here (f) has the peculiar 
feature that in the JF, it exactly determines the Ricci scalar R and vice versa. So in the 
JF, the Ricci scalar can in a sense be considered a non-canonical yet dynamical scalar field. 
This feature is absent in normal general relativity, where R = —T/M^^ + 4A is algebraically 
fixed by the trace of the stress energy tensor T. Working in either frame is satisfactory as 
long as one is careful about what quantities are actually measurable, but we will find that 
the EF is much more useful for most of our calculations. 

The coupling of the scalar field to matter is fixed in f{R) gravity, and is essentially of 
the same strength as the coupling of the graviton to matter, except for the important case 
of masslcss conformally invariant fields, which do not couple to (p at all. The dynamics of 
the theory are completely specified by the potential V{(j)) for the scalar field in the EF, 
which is uniquely determined by the functional form of f{R)- 

After this lightning introduction to f{R) theory we are ready to summarize our main 
motivations for studying f{R) theories : 

• There is recent renewed interest in this class of theories due to their possible relevance 
to DE. 

• These theories may have an interesting explanation in terms of a more complete theory 
of gravity. 

• Although there is an exact equivalence between f{R) theories and a class of scalar 

tensor theories, f{R) theories may provide a new perspective on scalar tensor theories. 
For example, a simple f{R) may generate a complicated non-trivial scalar potential 
V{(f)) that you would not have thought of using if just studying scalar tensor theories. 

• Exploring modified or alternative theories is a way to test general relativity. 
3.1.3 The R - i^^/R example 

Such a scalar field is not without observational consequence for solar system tests of gravity, 
especially for /(i?)-DE models. For any scalar field driving DE, we can come to the following 
conclusions: First, the field value (f) must vary on a time scale of order the Hubble time 
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Hq^, if the DE is distinguishable from a cosmological constant (for longer time scale, the 
DE looks like a cosmological constant; for shorter time scales, we no longer get acceleration). 
On general grounds, such a scalar field must have a mass of order ~ Hq. Second, the 
Compton wavelength of this scalar field is on the order of the Hubble distance, so it will 
mediate an attractive fifth force which is distinguishable from gravity by the absence of any 
coupling to light. Unless the coupling to matter is tiny compared to that of gravity, many 
solar system based tests of gravity would fail, such as measurements of the bending of light 
around the Sun p65l[268] . 

The archetypal example of /(i?)-DE suffers from problems such as these. This model 
invokes the function |54] . 

f{R) = R-!^ (3.1) 

for /X ~ Hq. This gives a V{(j)) in the EF with a runaway exponential potential at late 
times: !/((/>) ~ //^M^j exp(-(3/\/6)0/Mpi) (h ere large (h means small R which means late 
times.) With no matter, such a potential in the JF gives rise to an accelerating universe 
with the equation of state parameter wx = —2/3 [54]. This model, however, is riddled with 
problems. First, the theory does not pass solar system tests [601 ESI ESI [81], and second, 
the cosmology is inconsistent with observation when non-relativistic matter is present |10] . 
Both problems can be understood in the dual scalar tensor theory. 

For cosmology, during the matter dominated phase but at high redshifts, the influence 
on the dynamics of (p from the potential V is small compared to the influence from the 
coupling to matter, which manifests itself in terms of an effective potential for (p of the form 

Vesi^) = F(0) + pNRexp (^-^^j ' (3-2) 

where pnr is the energy density of non-relativistic (NR) matter. (More details of the exact 
form of this potential will be presented in the next section.) The second term dominates 
because HqM'^^ <C Pnr, and (p then rolls down the potential generated by pnr and not 
V. The result is that the universe is driven away from the expected matter dominated 
era (MDE) into a radiation dominated expansion in the JF with oc a~^, after which it 
crosses directly into the accelerating phase, with expansion driven by DE with an effective 
equation of state parameter w = —2/3. This special radiation-dominated-like phase (which 
is not driven by radiation) was dubbed the 0MDE by p^, where it was made clear that 
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this phase is inconsistent with observation. We say that this potential V is unstable to large 
cosmological non-relativistic densities. 

For the solar system tests, the potential V{(j)) is also negligible, so the theory behaves 
exactly like a scalar-tensor theory with no potential. Because the coupling to matter has 
the same strength as that to gravity, the scalar field mediates a long-range fifth force, and 
the theory is ruled out by solar system tests. In particular, [UD] found that 7 = 1/2 in the 
PPN framework, which is in gross violation of the experimental bound. 

The above solar system tests also seem to rule out more general classes of /(i?)-DE 
models \193\ |6T| [81} 11831 1185] . However on the cosmology front, it seems that one can 
cook up examples of f{R) consistent with some dynamical dark energy [50l 11881 1227j : by 
demanding that the cosmological expansion a{t) take a certain form, one can integrate a 
differential equation for the function / that by design gives a universe with any desired 
expansion history a{t). In this way, one gets around the cosmological instability of the 
archetypal model mentioned above. However, these functions are arguably very contrived, 
and further investigation of solar system predictions is required to determine whether these 
models are viable. 

3.1.4 What /(i?)-theories are allowed? 

We now try to find viable f{R) theories by examining what is acceptable on the scalar 
tensor side. We focus on theories that pass solar system tests. Because the coupling of 
the scalar field to matter is fixed in f{R) theories, and the only freedom we have is with 
the potential V, we must choose V in such a way as to hide the scalar field from the solar 
system tests that caused problems for the models described above. We are aware of only 
two ways to do this. The first is the Chameleon scalar field, which uses non-linear effects 
from a very specific singular form of potential to hide the scalar field from current tests of 
gravity [123 Eg. The .econd i. .imply to give the scalar held a quadratic poterrtial with 
mass > 10 ^eV, so that the fifth force has an extent less than 0.2mm □ and so cannot 
be currently measured by laboratory searches for a fifth force [114] . 

We will find simple f{R) models which reproduce these two types of potentials and so 
by design pass solar system tests. Finding functions / which give exactly these potentials 

^At the time I finished this thesis, I was pointed out that the limits deviations on the gravitational inverse 
square law is down to 56 micrometers [123) . 
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will simply generate models which are indistinguishable from their scalar-tensor equivalent. 
However, if we search for simple choices of / that reproduce these potentials in a certain 
limit, then these theories will not be exactly equivalent and might have distinguishable 
features. 

The Chameleon type f{R) model seems to be the most plausible model for attacking DE, 
as at first glance it seems to get around the general problems mentioned above. Indeed, 
one Chameleon model will arise quite naturally from a simple choice of /. However, we 
will show that the solar system constraints on this model preclude any possible interesting 
late-time cosmological behavior: the acceleration is observationally indistinguishable from a 
cosmological constant. In particular, for all the relevant physical situations this Chameleon 
model is the same as has been considered before with no distinguishing features. However, 
this model might provide clues in a search for viable f{R) theories that pass solar system 
tests and that may give interesting late-time behavior. 

In an independent recent analysis, [1851 146j also discussed the Chameleon effect in f{R) 
theories. They focus on a slightly different set of Chameleon potentials and come to similar 
conclusions. Their results and ours together suggest that the Chameleon effect may be 
generic to f{R) theories. 

We now turn from attempts to explain DE in f{R) models to an arguably more plausible 
scenario, which is simply to give the scalar field a large mass. These models have no relevance 
for dynamic DE, but they do have interesting consequences for early universe cosmology. 
The most theoretically best motivated functions, namely polynomials in R, fit this class of 
f{R) theories. The aim of this investigation is to explore what we can possibly know about 
the function /. Because this question is very general, we will restrict our attention to a 
sub-class of plausible f{R) models. 

For these polynomial models, we will investigate possible inflationary scenarios where 
the scalar partner (p is the inflaton. We find the relevant model parameters which seed 
the fluctuations of the CMB in accordance with experiment. We then investigate general 
constraints on the model parameters where (p is not an inflaton. We use solar system tests, 
nucleosynthesis constraints and finally an instability which is present in these theories when 
another slow roll inflaton ip is invoked to explain CMB fluctuations. This instability is 
analogous to that of the (pMDE described above. 

The rest of this chapter is organized as follows. In section [32] we review the equivalence 
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of f{R) theories with scalar tensor theories, elucidating all the essential points we will need 
to proceed. Then in sections 13.31 and 13.41 we explore the Chameleon model and massive 
theories, respectively, focusing on observational constraints. We summarize our conclusions 
in section 13. 5[ 



3.2 f{R) duality with Scalar Tensor theories 

We study the "modified" gravity theory defined by the action 

<fx^g^f{R) + Sm [g^u. ^, ^a, . . .] (3.3) 

Where for example ^^A^-, ■ ■ ■ label the matter fields of the Standard Model. Here we 
present a run down of the map to the scalar tensor theory, displaying the most important 
points needed to proceed. See for example [120^ 11091 E2] for more details of the equivalence 
with scalar tensor theories. 

We choose to fix the connection in R as the Christoffel symbols and not an independent 
field, as opposed to the Palatini formalism, which results in a very different theory [2551 [90t 
EH [551 [9]. 

If one simply varies the action Eq. ([3.3p with respect to the metric g^^, then a fourth 
order equation for the metric results. One can argue (using general coordinate invariance) 
that the degrees of freedom in the field g^y can be split into a massless spin-2 field g^p and 
a massive scalar field (j) with second order equations of motion. This split is easily revealed 
at the level of the action. Following for example [109j we introduce a new auxiliary scalar 
field Q (a Lagrange multiplier). The gravity part of Eq. (13. 3p may be written as 

d^x^^ {f{Q){R -Q) + f{Q)) (3.4) 

As long as f"{Q) ^ 0, the equation of motion [5/5Q) gives Q = R and Eq. (13. 4p becomes 
the original gravity action. This may be written in the more suggestive form 

Sgrav = I d^x^ {^^^ - X'^(X) j (3-5) 

by relabeling f'{Q) = x- This is a scalar tensor theory of gravity with Brans Dicke parameter 
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"^BD = [13] and potential |109j 

^(x) = Mx)x - f{Q{x))] (3.6) 

Here Q{x) solves x = f'iQ)- Finally a rescaling of the metric (which should be thought of 
as a field relabeling) 

~9,u = X9,u = e(^/v^)^/^^p'5.. (3.7) 
reveals the kinetic terms for the scalar field: 

r , / M\ 1 \ _ 

See = J d^x^g -^R - -'g^" d^<pd,<P - Vi<p) J + SM[g^.ue ^ ' , . . .] , (3.8) 

where the new canonical scalar field (p is related to XiQiR through 

fiR) = f'iQ) = X = exp (^4>/Mpi) . (3.9) 



As the kinetic terms for g^j^u and (f) are now both canonical, we see that these are the true 
degrees of freedom of f{R) gravity. This demonstrates that the theories defined hy Sjp ( the 
Jordan Frame) and Sef (the Einstein Frame) are completely equivalent when f"{Q) ^ 0. 
We choose to analyze the theory in the Einstein Frame as things are much simpler here. It 
is, however, important to be careful to interpret results correctly, making reference to what 
is observed. In particular, matter is defined in the Jordan Frame, and hence it will be most 
sensible to talk about JF observables. We will give a simple example of this when we have 
introduced some matter. 



The equations of motion for <j) resulting from Eq. (j3.8p are 

dV _ f^'' 



dV f^' 

U<p = -^-— , (3.10) 



and for the metric g^. 



R^.u - l~9,.R = Afpf (f^l + T^t) (3.11) 



with the energy momentum tensors 



f^l = X''T^lix~'~9,u...) (3.12) 
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T*, = d^cl^d.cp + (^-Ir^da^dp^ + Vicpyj (3.13) 

Note that only the combination + fp!,^ is conserved in the EF. 

There are two important observations to be made about Eq. ()3.8p relating to the extra 
coupling to matter. First, the T^'^ /Mp\\/^ term in Eq. (j3.10p represents an additional 
density dependent "force" on the scalar field, and for special cases where we can solve for 
the functional form of the (/> dependence of T^^/Mpii/G explicitly, as in [126| . we can think 
of the scalar field living in an effective potential. We will see two examples where this force 
is important, the most dramatic being the Chameleon effect. 

Second, (p couples to matter as strongly as conventional gravity (g^u) does. Hence, as 
was already mentioned, will mediate a detectable fifth force for solar system tests unless 
we do something dramatic to hide it. Finding theories which hide (f> from solar system tests 
is the focus of this chapter. 



3.2.1 Matter and Cosmology in f{R) theories 

Let us first consider the coupling to standard model fields, assuming that they are defined 
in the JF. This is important for understanding how (j) may decay. Massless scalar fields 
conformally coupled to gravity and massless gauge bosons behave the same in the two 
frames and so do not couple to (p. However, a minimally coupled (real) scalar field $ and 
a Dirac field ^ have extra interactions with 6 in the EF: 



S^i, = [ d^xy^^ Ul^'Dp - rrm,x-^l^) § , (3.14) 



where the JF fields have been rescaled as $ = and ^ = x~^^^^ ■ Note that the 

cosmologically evolving field = (j){t) will change the masses of the standard model particles 
in the EF as 

mx"^/^ = mexp {-{^/ljQ)4){t)/Mp^ (3.15) 
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and small excitations 5(j) around the average value (j){t) will roughly speaking interact via 
the vertices defined by the interaction Lagrangian, 

^ ' ml6(j)<b'^ -^g'"'df,^dj(t> + mq,6ct>'i!^) (3.16) 



to lowest order in l/Mpj. The mass shift in Eq. (|3.15p has an interesting consequence in 
the EF; it shifts the frequency of the absorption and emission lines by a factor of x^^^^- 
This effect will be indistinguishable from the normal cosmological redshift due to expansion, 
and our effective redshift will be the combination of both cosmological expansion and mass 
shift: (1 + z)~^ = ax~^^'^, where a is the scale factor in the EF normalized equal to unity 
today. This combination turns out to be the Jordan frame scale factor a (see below), so 
our redshift measurements coincide in both frames as expected. These ideas were recently 
discussed in the context of conformal cosmology 127\ [37] , where the observed redshifts are 
explained completely in terms of an evolving scalar field. 

Perfect fluids are best examined in the JF, because it is here that their energy momentum 
tensor is conserved. For a general JF metric one can solve for the flow of the fluid using 
conservation of T*^ and number flux nU^ (or other relevant physical principles) and then 
map into the EF via Eq. (j3.12p . 

The homogeneous and isotropic case 

For example, consider a homogeneous isotropic cosmology, 

(JF) ds^ = dt^ - a{tfdx^ , U^" = [dtY , (3.17) 
(EF) ds^ = dp - d{ifdx^ , U^' = {dif , (3.18) 

where and are the local fluid velocities in the two frames. The quantities above are 
related by 

d = x^a, di=x^dt, U^' = x'^^'^U^ . (3.19) 
These relations imply that the Hubble parameters in the two frames are related by 
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For example, applying the principles of entropy "conservation" and number conservation in 
the JF (one may also need to demand thermal and chemical equilibrium as relevant to the 
early universe) results in known functions p{a) and p{a) such that the EF energy momentum 
tensor may be written as 

= pif^.U. + P (U^U. + 9m.) , (3-21) 

where 

P = X'^P (ax-'^^) , P = X'h {~ax~^'^) ■ (3-22) 



The cosmological equations of motion are 

1 A2 



m^Ml,= ~p+^[dt(t>] +V (3.23) 



dU+,m = -'-^^ = - ^ • (3.24) 

The effective potential for the scalar field coupled to homogeneous and isotropic matter is 

yeff(0, a) = V{<P) +p = V{(t>) + x-'p (ax"'/') • (3.25) 

For the special case where the only density components present are non-relativistic {p = 
/>NR oc a~^) and ultra-relativistic (/o = /jr oc a~^) fluids, the effective potential is 

VesicP) = V{cP) + pNR(a)e~^ + pnia) (3.26) 

where for convenience we define /ONR(a) = X^^^'^ P'NRio-X^^^'^) ^ and PR{d) = X^'^PRidx^^^ 
a~^. These expressions are now independent of (p: all the (j) dependence is explicitly seen 
in Eq. (j3.26p . Note that relativistic particles provide no force on cp because T vanishes, 
or equivalently because PR{d) appears simply as an additive constant to the potential in 
Eq. ^2B. 



The spherically symmetric case 

We now turn to the case of a spherically symmetric distribution of non-relativistic matter 
PNRir) in the JF, for which we aim to solve for the metric gfj_^. We wish to consider this 
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problem in the EF, where (/> wiU take a spherically symmetric form and gravity behaves like 
GR coupled to p = x~^Pnr- In the weak field limit, we write the metrics in the two frames 
as 



(JF) ds"^ = -{l-2A{r))dt^ + {l + 2B{r))dr^ + r'^dn^ (3.27a) 
(EF) ds^ = -{l-2A{f))dt'^ + {l + 2B{f))dr'^ + f^dn'^ (3.27b) 

where f = x^^'^r and for small (p/Mp\, the gravitational potentials are related by 

A{r) ^ Aif) + ^^, (3.28a) 
v6Mpi 

Bir) « g(f)+ J- '^fyi . (3.28b) 
V6Mpi dlnr 

Following |126j we define a non-relativistic energy density yONR(r) = x~^^'^ Pii") i^i the EF 
which is conserved there and is analogous to pnr(o) defined above for cosmology. Ignoring 
the back reaction of the metric on (j), we take gfj_y ~ 77^,^ in Eq. ()3.10p and find as in |126j 
that 

where again the effective potential is 

KfT = V{(t>) + x-^'^P^K{f) ■ (3.30) 
Solving Eq. (j3.29p for (j) then allows us to find the metric in the JF via Eq. (j3.28p . 



As an instructive example, consider the quadratic potential V{(1)) = m^cjP' /2 and a 
uniform sphere of mass Mc and radius Rc- The solution external to the sphere is given by 
a Yukawa potential 

Mr) 1 M,e-™^'^ ^^^^^ 



Mpi V6 47rM2r 

assuming that m^Rc <^ 1 and (j)/Mp\ <C 1 so that f k, r. If we ignore the energy density 
of the profile 4'{r)^ then outside the object there is vacuum. The metric in the EF is then 
simply the Schwarzschild solution for mass M^. In other words, the potentials in Eq. ()3.27bp 
are given by A{f) = B{r) = Mc/SirMpir in the weak field limit \A\, \B\ <C 1. In the JF 
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using Eq. (j3.28p . one finds the corresponding potentials 




(3.32a) 




(3.32b) 



For r <C we find that the PPN parameter 7 = 1/2, a well known result for a Brans 
Dicke theory [i3j with ujbd = [265] . 

The key feature here is the effective potential from Eqs. (I3.26P and (j3.30p . We have now 
seen that it makes a crucial difference in two situations, and it will play an important role 
in the next two sections as well. 



In this section, we consider f{R) theories that are able to pass solar system tests of gravity 
because of the so-called "Chameleon" effect. We first present a theory that is by design very 
similar to the original Chameleon model presented in [127] . We will give a brief description 
of how this model evades solar system constraints, and then move on to the cosmology 
of these f{R) theories, concentrating in particular on their relation to DE. Throughout 
this discussion we refer the reader to the original work [127^ H5l I126[ I177j , highlighting the 
differences between the original and f{R) Chameleons. 

The Chameleon model belongs to the following general class of models. 



The sign of the second factor is important to reproduce the Chameleon, and the (1 — m) 
factor ensures that the theory is equivalent to GR as m — > 1. These models have been 
considered before in the literature [52l[10]; in particular, this class contains the original DE 
f{R) of Eq. dM]) when m = -1, A = and 2/1^ fi'^. 

The potential for (p in the EE is 



3.3 An f{R) Chameleon 




(3.33) 




(3.34) 
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where x = exp(iy2/30/Mpi) as usual. For < m < 1 and for |(/)/Mpi| <^ 1, this reduces to 



F(</.) = M^+'^ (-</>)"" + M^iA, (3.35) 

defined for < 0, where the old parameters m are related to the new parameters M, n 
through 

, (2(l + n)^)^+" M^+- , , 

"T- = 1 /" = ^ — , _ ,n z-To ■ (3.36) 

1 + n' (V6n) Mp"+2 ^ ^ 

The preferred values used in [127 ] are M ~ lO^^eV and n ~ 1. In the f{R) theory, these 
values give m ~ 1/2 and ^ ~ 10~^^eV, i.e. much smaller than the Hubble scale today. 

For small |(/)|/Mpi, this singular potential is equivalent to the potential considered in 
|127j for the Chameleon scalar field, albeit with (p —cf). The coupling to matter, which is 
a very important feature of this model, is also very similar. In |127j . a species of particles 
i is assumed to have its own Jordan Frame metric gfil, with respect to which it is defined, 
and a conformal coupling to the metric in the EF 

9^1 = e'^^^/''^%.. (3.37) 

Comparing this to Eq. (13. 7p . the f{R) Chameleon has /3i = — 1/\/6 for all matter species, 
so that all the Jordan Frame metrics coincide. 

In the original Chameleon model, the Pi were specifically chosen to be different so that 
(j) would show up in tests of the weak equivalence principle (WEP). The f{R) Chameleon 
does not show up in tests of the WEP, so the solar system constraints will be less stringent 
here. 

This coupling to matter, along with the singular potential Eq. (|3.35p . are the defining 
features of this f{R) that make it a Chameleon theory. The effective potential Ves, discussed 
in the previous section (see for example Eq. I3.26p . is then a balance between two forces; V 
pushing (j) toward more negative values and the density-dependent term pushing <j) toward 
more positive values. So although the singular potential Eq. (j3.35p has no minimum and 
hence no stable "vacuum" , the effective potential Eq. (j3.26p including the coupling to matter 
does have a minimum. In fact, the density dependent term pushes the scalar field (p up 
against the potential wall created by the singularity in V at = 0. Indeed, the field value 
4'mm at the minimum of the effective potential Ves and the mass m<^ of (p^s excitation around 
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Figure 3-1: Effective potential for the Chameleon model Eq. ()3.34p with decreasing 
Ptsir/ ijPM^^ = 100,50,20 and m = 1. Note that (pmin and the mass (the curvature 
of the minimum) are very sensitive to the background energy density />nr- 

that given minimum are both highly sensitive increasing functions of the background density 
PnR) as illustrated in Fig. 13-11 Using Eq. (I3.30p for small |(/)|/Mpi, the field value at the 
minimum and the curvature of the minimum are, respectively, 



It is plausible that a scalar field (f) which is very light for cosmological densities is heavy for 
solar system densities and hence currently undetectable. However, as we will now see, the 
actual mechanism that "hides" (p from solar system tests is a bit more complicated than 
this. 

3.3.1 Solar System Tests 

In this section, we will derive solar system and laboratory constraints on the parameters 
(fi, m), summarized in Figure [331 The profile of 0(f) in the solar system (around the Earth, 
around the Sun, etc.) is of interest for solar system tests of gravity: it determines the size 
of the fifth force and the post-Newtonian parameter 7. Because the effective potential for 
(p changes in different density environments, the differential equation governing the profile 




(3.38) 



(3.39) 
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(f){r) in Eq. (j3.29p is highly non-hnear, and the standard Yukawa profile of Eq. (j3.3ip does 
not always arise. These non-linear features have been studied in jl26j , where it was found 
that for a spherically symmetric object of mass Mc and radius Rc surrounded by a gas of 
asymptotic density poo, the profile is governed by the so-called "thin-shell" parameter, 

where (p'^^^ and (/f^^in the minima of the effective potential in the presence of the asymp- 
totic energy density pNR = Poo and central energy densities pnr = Pc respectively, see 
Eq. ()3.38|) . If A is large, then the external profile of is the usual Yukawa profile Eq. (j3.3ip 
with mass = , the curvature of the effective potential in the presence of the asymp- 
totic density /jnr = Poo', see Eq. (j3.39p . If A is small, then the Yukawa profile is suppressed 
by a factor of A. The term "thin shell" comes from the fact that only a portion of such 
a "thin shell" object contributes to the external Yukawa profile, the thickness of the shell 
being roughly (ARc). We simply treat A as a parameter that suppresses this profile if 
A < 1. 



For example, let us consider the profile around the Sun, with Mc = Msun and Rc = 
i?Sun- Assuming that we are in the thin shell regime (A <C 1), the Yukawa profile of 
Eq. (j3.3ip suppressed by a factor A becomes. 



(r) 



VQ 47rMpir 



+ 



(3.41) 



As in |127j . we take the asymptotic density used to find (p^o and rrioo as that of the local 
homogeneous density of dark and baryonic matter in our Galaxy: p^o ~ lO^^^g/cm^. Fol- 
lowing the discussion in Section 13. 2^ the metric in the EE external to the Sun is just the 
Schwarzschild metric (in the weak field limit) with Newtonian potential A{r) « Msun/ (SvrMpjr). 
Using Eq. (j3.28p to map this metric into the JF metric g^i, = x~^g^J.ul we find 



1 - 2A{r) ( 1 + ^e-™°°^; 
3 



1 + 2A{r) ( 1 e-"'°°^(l + m^r] 

3 



dr' 



(3.42) 



Assuming that the Compton wavelength is much larger than solar system scales (we 
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will confirm this later), we obtain within the PPN formalism |265j that 



7 = « 1 - (2/3)A (3.43) 

There are several observational constraints on I7 — 1|, including ones from the deflection 
of light and from Shapiro time delay. The tightest solar system constraint comes from 
Cassini tracking, giving I7 — 1| < 2.3 X 10"^ [268]. Thus the "thin shell" parameter satisfies 
A < 3.5 X 10^^. We note that <^ \4'mm\ because of the sensitive dependence of (pmin 

on the local density, so the definition of A in Eq. (j3.40p becomes 

A^3\^ZJ/V6MpiA{Rsun) (3.44) 

where A{Rc = Rsun) ~ 10^^ is the Newtonian potential at the surface of the Sun. Using 
Eq. (j3.38p with /jnr = Poo ~ 10~^^g/cm^ gives the constraint 



^ / 2 \ -6-5m 

„2 ^ 3 — ^ 10^-^ 3.45 

Hq \m[l — m) J 

on the theory parameters /x and m. For theories which fail this bound, we find that the 
Compton wavelength of for the asymptotic background density of our galaxy satisfies 
m'^ > lO^'^AU. This confirms the assumption that m'^ is large compared to solar system 
scales, which was used to derive this bound. 



As was already noted, the solar system constraints derived in [126] are more restrictive. 
This is because they demanded that the couplings {f)i) to different species of particles in 
equation (j3.37p be different. This gives violations of the weak equivalence principle on 
Earth-based experiments unless the Earth and atmosphere have a thin shell. However, in 
the f{R) Chameleon model, all the j3i are the same, so there will be no weak equivalence 
principle violations. 



The f{R) Chameleon may still show up in searches for a fifth force, in particular in tests 
of the inverse square law. The strongest comes from Earth-based laboratory tests of gravity 
such as in the Eot-Wash experiments |114| . By demanding that the test masses acquire 
thin shells, jl26j found constraints on the parameters (M, n) which map into the following 
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bound on the /(i?)-parameters {^,ni): 




m 



2 



1 — m 



(3.46) 



m(l — m) 



3.3.2 Cosmology 

We now turn to the cosmology of the Chameleon scalar field, which was studied in |45j . It 
was found there and already commented on in |126j that the mass of (p on cosmological scales 
is not small enough to give any interesting DE behavior for M « 10~^eV and n ~ 1. We will 
revisit this question in the f{R) context: do any allowed parameters {fJ-,m) in Eqs. (13.451 - 
I3.46P give non-vanilla DE? Will there be any cosmologically observable differences between 
this f{R) Chameleon and the original model (which is in principle possible because higher 
order terms in the expansion of V in Eq. (I3.34|) may become important)? We will see that 
the answer to both of these questions is no for the same reason: solar system tests preclude 
the minimum of the effective potential from lying beyond (p < —Mpi on cosmological scales 
today. 

Let us try to understand this by looking at the details of Chameleon cosmology. We 
first note that, as opposed to [45j, we do not fix AMpj = M^, so we are less restricted as 
to what M or /i can be. The essence of the argument, however, is the same as in [45]. 
Working in the EE, for a large set of initial conditions in the early universe, (p is attracted 
to the minimum of the effective potential given by Eq. ()3.26p . The scalar field tracks the 
minimum, which shifts 0(a) = (pmin as the universe expands. The energy density in coherent 
oscillations around this minimum are negligible and so there is no "moduli problem" . ( In 
contrast, this may be a problem for the case considered below in Section [3.41 ) 

We will see that the condition for such a tracking solution to be valid is that the minimum 
satisfies 



so we consistently make this assumption to derive properties of the tracking minimum. 
After matter-radiation equality we have the tracking solution 



(/.(a)/Mpi < 1, 



(3.47) 




(3.48) 
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Along this tracking solution, the curvature (mass) around the minimum and the speed of 
the minimum are, respectively 

i-m[ -m ] V mR(a) + v{m) y ' ^ ' ' 

-1 d0(d) _ ^(-(l){a)\ (l-m)pNR(a) ^^^^^ 



MpiH di V ^Pi y PNR(a) + 4y(</)(a)) 

Since will track the minimum while m(f,{d) ^ H, Eq. (I3.49P shows that the assumption 
of Eq. (j3.47p is indeed consistent. 

Also, during radiation domination one can show that m^{a)/H'^ ~ (— Mpi/(^(a)) a/ajviR, 
where qmr is the scale factor at matter-radiation equality, so it is possible that at early 
times the scalar field is unbound. We know the expansion history and the effective value 
of Newton's constant Gm quite well [54^ I66j around big-bang nucleosynthesis (BBN); if (j) 
is unbound, we have no reason to believe that Gat, which varies as cf) varies, is near today's 
value. Requiring that it is bound before the beginning of BBN gives a constraint that we 
have included in Figure [ 



Returning to the matter-dominated era, Eq. (j3.47p implies that the expansion history 
in the JF may be written as 

3Mp2 = p^p(a) + y(0(ao)) + 0{^) , (3.51) 

For |(/>(ao)|/Mpi ^ 1 today, this is just the usual Friedmann equation with a cosmological 
constant, where in accordance with experiment we are forced to identify V{(j){aQ)) with 
px(0), the current dark energy density. Note that the parameter A in V , which we have 
not fixed, allows us to make this choice independent of any values of ^ and m. For m not 
small, l/((/)(ao)) ~ so A is fixed at A /9x(0)/Mpj; however, for small m we will see 

later that the situation will be slightly different. 

This implies that the only way to get interesting late-time cosmological behavior is to 
not have |0(ao)/Mpi| ^ 1 but rather |(^(ao)/Mpi| ~ 1 today. In this case the tracking 
solution above is not valid; the scalar field is no longer stuck at the minimum, and we might 
not have to invoke a constant A in y to explain todays accelerated expansion. Rather the 
acceleration would be driven by a quintessence type phase. 
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However, one can show that given the solar system constramts, |(/)(ao)/Mpi| ~ 1 is 
not possible. In fact, as we will now show, a stronger statement can be made: even if 
we continue to assume Eq. (|3.47[) . so that the tracker solution is still valid, the solutions 
that are consistent with solar system tests always give DE behavior that is "vanilla," i.e., 
indistinguishable from a cosmological constant. 

In these models, the effective dark energy density is 

«(«) » VWa), + (^] (,„R(a) + p_v(0)) X (2 + 'iPNRW(l -,n) \ _ 
yVQMpi J V PNR(a) +4px(0)y 



where V{(j){a)) — px{0) = 0{(j)/Mpi). If we expected Eq. (j3.52p to give interesting behavior 
in the allowed region of parameter space, we would fit the Friedmann equation with 
to the combined knowledge of the expansion history and find the allowed values of (/x, m). 
We will instead adopt a simpler approach, defining "non-vanilla DE" through the effective 
equation of state parameter, 

Idlnpxia) 

= ~Q~71 ^- (^•^^) 

3 a In a 

This is the relevant equation of state that one would measure from the expansion history 
(that is not P(f,/ Ptf,)- We say that the DE is non- vanilla if \wx + 1| > -01, which is quite 
optimistic as to future observational capabilities [38j. However, because our result is null 
the exact criterion is not important. 

The resulting constraint on p and m is shown in Figure 13-21 along with the solar system 
constraints. As the Figure shows, all models consistent with solar system tests are "vanilla" 
— that is, indistinguishable from a cosmological constant. 

The most interesting part of this parameter space is the limit m ^ 0, which is one of 
the limits in which we should recover general relativity. The theory then becomes 

f{R) ^R-{p^ + 2A) + fi'^m In (i2//i^) (3.54) 
with the Chameleon-like (singular at (p = 0) potential 

yi<P) - -j^e ^ '^^pi ifi^ + 2A-mp^lnil-e^^ "p> (3.55) 

In this limit we are forced to fix A = px(0)/Mp[ — /i^/2. The DE energy equation of 
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Figure 3-2: Solar system constraints on the f{R) Chameleon are seen to exclude all models 
where the "dark energy" is observationally distinguishable from a cosmological constant (la- 
beled "dynamic DE"). The two different solar system constraint curves come from Eq. (|3.45p 
and Eq. (j3.46p . Although it is not clear from the plot, the limits m ^ 0, m — > 1 and /i ^ 
are all acceptable and yet give no dynamical DE. Indeed these are exactly the limits in 
which we recover standard GR. 

state parameter is wx = —1 — COSm/i^/i^Q . The tightest solar system constraint on /i^ in 
this limit is from I7 — 1| in Eq. (j3.45p which gives m/x^ ^ 6 x lO^^i^g. The equation of 
state parameter for DE is then constrained to be \wx + 1| ^ 0.3 x 10^® which is definitely 
unobservable. 

Finally we note that the ultimate fate of the f{R) chameleon is different from that 
of the original model. This is because V{(j)) actually does have a minimum relevant for 
cosmological energy densities. This is due to the (p dependence of the AM^^x~'^ term in 
Eq. (j3.34p . which is absent in the original models. Eventually (f) will settle into this minimum 
and the universe will enter an inflating de Sitter phase, much like the fate of a universe with 
a simple cosmological constant. The original model on the other hand eventually enters a 
quintessence like expansion. However, this distinction is unobservable today. 

In conclusion to this section, we have found a previously unstudied class of f{R) theories 
that gives acceptable local gravity by exploiting the Chameleon effect. For the allowed 
parameters of this model, there is no interesting late-time cosmological behavior (observably 
dynamic DE). That is not to say that these models have no interesting physics — there 
may indeed be some interesting effects of such models for future solar system tests |126j or 
on large scale structure [44j, and this might warrant further study in the context of f{R) 
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models. We also noted that the f{R) model is subtly different from the original Chameleon 
model. It does not violate the weak equivalence principle , so solar system constraints are 
less stringent and the ultimate fate of the universe is now simply an inflating de Sitter 
spacetime. 

This mechanism might also be a starting point for constructing working modified gravity 
models which do give non- vanilla DE, somehow exploiting this mechanism more effectively 
and bridging the gap in Figure 13-21 between solar system constraints and non- vanilla DE. 
We suspect they will not be as simple as the one presented. This mechanism may also be 
relevant for attempting to understand the Newtonian limit of the artificially constructed 
f{R) models mentioned earlier that reproduce an exact expansion history. We make this 
claim because an important property of the model presented in |227j is that the parameter 
B oc f"{R) is a rapidly growing function of the scale factor a. For small f"{R), one can 
show that the mass curvature of V is ~ 1/ f"{R). Hence, in this theory the mass of 
the scalar field during cosmological evolution is large at early times and small at late times, 
as in the Chameleon models. A more detailed analysis, beyond the scope of this chapter, 
is required to see whether non-linear effects play a part in the Newtonian limit of these 
theories. 

3.4 Massive f{R) theories 

We now consider arguably more realistic f{R) theories, namely polynomials f{R) = —2K + 
R + aR^ + bR^ .... These theories have been extensively studied, especially for quadratic 
f{R)', see |221j and references therein. They are more natural from the point of view of 
renormalization and effective field theories: a high energy completion of gravity would allow 
us to find these higher order terms. However, common wisdom would have the higher order 
terms suppressed by inverse powers of Mp\ and would force us to include other terms of the 
same mass dimension such as R^^R^y. Despite this, we wish to explore the phenomenology 
of such polynomial f{R) theories and hence constrain them with cosmological observations. 
In doing so, we will explore the full range of values for the coefficients (a, 6, ...) of the higher 
order terms to be conservative rather than assume that they are order unity in Planck units. 

This class of theories can only match the currently observed cosmic acceleration via an 
explicit cosmological constant term /(O) = — 2A, giving the identification A = px(0)/Afpj = 
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SHqQ^, so there is no hope of dynamical DE. Rather, these theories are more relevant to 
very early universe cosmology where R is large, and hence some of our results will be quite 
speculative. 

Consider for simplicity the two-parameter model 



f{R) = R + R[^]+XR. 2 



(3.56) 



We restrict to the parameter range /^^ > and < A < 1/3, so that the resulting potential 
V has a stable quadratic minimum and is defined for all (p. The Einstein frame potential 
for (/) or X is given by 



2 ,,2 



where 



VEix) 



1 

^"3A 



2x' 



(1 + 2Ag) , 



Vl-3A(l-x)-l 



(3.57) 



(3.58) 



is the larger of the two roots of 1 — x + 2g + 3Xq^ (this ensures that the resulting potential 
has a stable minimum). We plot this potential for various A in Figure! 



p. 2 




*/M, 



pi 



Figure 3-3: Potential for the f{R) model in Eq. (j3.56p with various values of A. Notice that 
the A = case has an asymptotically flat potential as (/> — > oo. 



We will first explore the possibility that (p is the inflaton, then discuss other constraints 
from our knowledge about the early universe. Figure 13-41 summarizes our constraints. 
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Figure 3-4: Constraints on the cubic f{R) model. The thin blue/grey shver corresponds 
to observationally allowed f{R) inflationary scenarios. Shaded are regions we may rule out 
given a measurement of the tensor to scalar ratio r and the assumption that they were 
generated by a period of slow roll inflation in the early universe. The r = 0.05 and r = 0.01 
are the most realistic curve, in the sense that future experiments are sensitive to such values 
as low as r = 0.01 [38]. 

3.4.1 f{R) inflation 

The possibility that higher order corrections to the gravitational Lagrangian might be re- 
sponsible for a de Sitter inflationary period was examined thoroughly early on in the in- 
flationary game [234^ 1235] . For A = 0, the potential V{(j)) is very flat for large (j), which 
is perfect for inflation. This model and other related ideas were extensively studied in 
\168\ \178\ \119\ 11221 ISOj [22], which also confirmed the existence of a viable inflationary 
model. We now search for possible inflationary scenarios with A 7^ that are consistent 
with current observations. This question was already considered in [29j, which found A <C 1; 
however, we wish to be more quantitative in light of the latest CMB measurements. 

As usual in these models, it is important to keep careful track of whether we are working 
in the EF or the JF: recall that the potential V is defined in the EF, while matter is most 
naturally considered in the JF. Nonetheless, we will argue that the inflationary predictions 
are exactly the same as those of general relativity plus a normal slow rolling scalar field with 
potential V{(f)). The argument goes as follows. Slow roll inflation works normally in the EF 
where the graviton and scalar field have canonical actions. In particular, the EF is where 
one should calculate the spectrum of tensor and scalar mode fluctuations. Re-heating and 
the transformation of fluctuations in cp to adiabatic density fluctuations also works as usual 
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in the EF, because at this time the cosmic fluid is relativistic and hence governed by the 
same equations of motion in both frames. After reheating, (p is frozen out at the minimum 
of V, with = and x = 1) so there is no longer any distinction between the JF and the 
EF {g^i, = gf_iu)- Calculations for A = were performed both as above and in the JF in 
|119j . and the results were found to be consistent as expected. 



Using this idea, calculating the inflationary predictions is straightforward. Using Eq. (j3.16p . 
we can estimate the reheating temperature as Trh ~ 1-3 x lO^^gi* [Ngfi^ /Mp\Y^'^ , where 
Ng is the number of minimally coupled scalar fields into which (p decays (it decays most 
strongly into these fields). Then the scale factor (normalized to a = 1 today) is 

aend = 7.5 X 10-32 g^'^'^N}/' (3.59) 

at the end of inflation. Integrating the slow roll equations of motion, (j)' = —V'{(/))/3H, and 
assuming A <C 1, the number of e-foldings of inflation for a mode k is 

« .hnil + 2,,) + Aro(A). (3.60) 

Here A^o is a small number defined such that Afc(gend) = at the end of inflation, where 
Q = lend ~ 1 / and is related to the conformal factor Xfc = 1 + 2^^ + 3Xq^ when the 
mode k crosses the horizon: 

Hk « fi/VM = A:e^Vaend (3.61) 

This particular mode will have a scalar fluctuation amplitude (also referred to as Sf^ in the 
literature) 

where the slow roll parameters (using the definitions in [23]) are 

e.^^^, m (3.63) 

We then use these to find the the scalar spectral index = 1 — 6e + 2rj, the ratio of 
tensor to scalar modes r = 16e etc. Using the combined WMAP+SDSS measurements 
[242] Q = 1.945 ±0.05 x 10^^ for modes k = 0.002/Mpc we can use Eq. (13.60113.621) together 
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to fix /X. For A — > the result is 



fi w (3.2±0.1) X 10"^Mpi, (3.64) 
Tis ^ 0.964, (3.65) 
r 0.0036, (3.66) 

which is consistent with the both the theoretical results of ^119^1178] and recent observational 
constraints [2311 [2l2] . 

In addition, Ug is sensitive to the value of A. The observational constraint 0.937 < < 
0.969 (68% C.L.) from |242j . translates into a strong upper bound on A: 

A < 4.7 X 10"^. (3.67) 

This is an example of the usual fine tuning that is needed for observationally allowed 
inflationary potentials and is consistent with the findings of ^29j. More precisely the values 
of fj,, A appropriate for inflation are shown in Fig 13-41 



3.4.2 Other constraints 

Above we explored the possibility that <j) was the inflaton. Let us now turn to the alternative 
possibility that <j) is not the inflaton, and compute miscellaneous constraints on the param- 
eters and A when they are varied freely. We will first consider the fifth force mediated by 
(j), then investigate how the scalar field behaves dynamically in the early universe, where 
the most interesting effect comes from considering a period of slow-roll inflation driven by 
some other scalar field. As noted in Section 13.21 the dynamics of (p is still governed by 
an effective potential Eq. (13.260 which is important when there is a component of matter 
whose energy-momentum tensor has nonzero trace. 

To begin with, we ignore any effect that such a term may have on the minimum of Vqs 
for these polynomial models, which is a good approximation if |T^| <^ fi'^M^^. We will see 
that for the first few constraints that we derive, this will indeed be the case. Then we will 
return to the question of where this is a bad approximation, which will naturally lead to 
our discussion of slow-roll inflation by some other scalar field. 
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Fifth force constraints 



The minimum of the effective potential hes at x = !> = 0. The curvature of this minimum 
is = Hence we can get around solar system constraints simply by making fi large 

enough so that the range of the fifth force will be small. Clearly it must have an range 
smaller than the solar system, otherwise, as was discussed above, it will violate the bound 
on the PPN parameter 7. (Recall that there is no Chameleon effect here, so A = 1 in 
Eq. ()3.42p and 7 = 1/2.) For smaller scales, we consider searches for a fifth force via 
deviations from the inverse square law. The profile for a quadratic potential, i.e, Eq. ()3.3ip . 
gives a Yukawa potential between two tests masses mi and 771-2: 

^W = -"^^' (3-68) 

where a = 1/3. For this a- value, a fifth force is ruled out for any Compton wavelength m^^ 
ranging from solar system scales down to 0.2mm, where the lower bound comes from the 
Eot-Wash experiments |114j . This bound translates to 

/i > 1.0 X lO^^eV. (3.69) 

This implies V{<j)) ~ ^^M^j » 

Psoian s typical solar system density, so for this constraint 
we were justified in ignoring any effects of the density-dependent term on the minimum of 

VeS. 



Nucleosynthesis constraints 

Given this preliminary constraint from local gravity tests, let us now consider the cosmology 
of (j) in the EE. We may approximate the potential around the minimum by a quadratic 
potential 14ff((/') ~ (^^/12)0^, which is valid for \(p\ < Mpi. The interesting behavior will 
come during the radiation dominated epoch, so in Eq. (j3.23p we take p{d) « PR{a) oc a~^, 
and we ignore the T^* term in Eq. ()3.24p to find the cosmological equations of motion 



3FXi = PRid) + f^<p' + ^icl>r, (3.70) 

,2 



b" + 3^(/)' + ^(/. = 0, (3.71) 
b 
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where the primes denote d/dt. There are two interesting hmiting behaviors, corresponding 
to H ^ fi and H <^ fj,, which we wiU now explore in turn. 



For H ^ fj,, the friction term in Eq. (j3.71|) dominates, and (j) is frozen out at some value 
(p^: with d(p/dt = 0. The energy density of (p is subdominant in Eq. (jS.TOp . Therefore, in 
the EE we have the usual radiation dominated expansion, and in the JE using Eq. (|3.22p 
and Eq. ()3.20p we have the same Eriedmann-Robertson- Walker (ERW) expansion with a 
different effective Newton's constant G^: 3H^ = 87rG^p(a) oc a"^, where 



For H <^ fi, on the other hand, assuming < Mpi, the field (p starts to oscillate 
with frequency fi/V^ and an amplitude that redshifts as a~^/^. Hence in the EE, the 
energy density of (p in Eq. (j3.70p from these zero momentum field oscillations is p^f, = 
{11^/12)4? + 0'V2 « P^(a/a*)"^ , where p*^ « {p^/l2)(pl. Mapping back into the JE, and 
averaging over a cycle of this oscillation, we obtain the Eriedmann equation 

m^Ml, = pB{a) + ^p;(a/a,)-^ (3.73) 

where the unusual factor of 3/2 comes from the averaging of the oscillations of in 
Eq. (I3.72p . as is discussed in more depth in [2j. 

The crossover between these two behaviors occurs when H is comparable to /i, and given 
the laboratory tests of gravity above we can say that this must occur when the universe 
has at least the temperature T^, > ITeV. We were therefore justified in assuming radiation 
domination in our calculation. 

Let us examine further the zero momentum oscillations of (p that give this extra non- 
relativistic energy density. In the absence of some mechanism (such as an extra period of 
low scale infiation [212j ). we expect the initial amplitude of oscillations to be of the order 
Mpi. This is because the potential in Figure [3^ varies on the scale of Mpi independently 
of the height of V . Hence in the absence of any other scale, the initial amplitude must 
be around this size. Recall that at the onset of oscillations, H ^ p, so the initial energy 
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density of these oscillations is 



(3.74) 



This energy density subsequently grows relative to the radiation density component, quickly 
forcing the universe into a matter dominated period of expansion. This is unacceptable if 
this component does not decay before the onset of BBN, because then at the time of BBN 
the expansion would be much faster than the normal radiation dominated expansion, which 
would be inconsistent with observed primordial abundances [66J- 

The fact that (p interacts weakly with other particles (the vertices in Eq. p.l6p are sup- 
pressed by 1/Mpi) so that cj) decays too slowly is exactly what is known as the cosmological 
moduli problem. To be more precise, we can use Eq. (j3.16p to estimate the decay rate of 
zero momentum modes into other massive particles: 



where the sums are over minimally coupled scalar particles and fermions with masses 
2ms, 2mj < m^. The requirement > -ffBBN translates into the constraint /i > 100 TeV 
for the Standard Model. One would expect the bound on p to be slightly smaller if one 
includes other particles that have not been detected yet with mass smaller than 100 TeV. 
This constraint should not be taken too seriously, however, because the moduli problem 
may hypothetically be resolved by electroweak scale inflation [132j or even by a brief second 
period of inflation at the electroweak scale [212j . 

Density dependent forces 

We now consider how the extra density dependent term in 14fj may effect cosmology. In 
other words, when can we not neglect the forcing term of Eq. (|3.24p ? After (f) enters the 
oscillating phase when jj,^ H, the extra term has little effect on the minimum since then 
it is small compared to the size of the potential itself {V ~ fi'^M^^). As a result, cp simply 
oscillates as expected. Before the crossover, when (p is frozen, we showed that the universe 
must be radiation dominated so that in particular, as T)^ <^ p = SH'^M'^^ during this phase, 
the Hubble friction will dominate compared to the force term of T^* in Eq. (13.241) . and we 




(3.75) 
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were justified in claiming that (j) is frozen out. The cosmology here does not suffer from the 
instability that plagues Eq. (|3.ip . 

There are, however, some exceptions that might lead to interesting constraints. First, 
consider a relativistic component i of the cosmological plasma that becomes non-relativistic 
and dumps its energy into the other relativistic components. In this case, —Tji ~ {gi/g*)p 
for a period of about one e-folding, so (j) receives a kick and is displaced by an amount 
A0 {gi/g*)Mpi/ -v/6 [45j. This might lead to an interesting effect such as (j) being kicked out 
of the basin of attraction of V . The extreme case would be that (p does not end up oscillating 
around the minimum as expected when H ^ p^ but instead ends up rolling down the tail 
of y, an effect which is clearly only possible for A 7^ 0. In principle, such kicks could even 
invalidate the predictions of BBN: near the onset of BBN, annihilation occurs, displacing 
(j) and consequently changing significantly as per Eq. (|3.72p . However, we have already 
shown that (j) must be in the oscillatory phase long before the onset of BBN, and we have 
argued that these kicks have no effect while (p is in the oscillator phase, so in fact this effect 
is unlikely to have relevance for BBN. Such kicks may effect other important cosmological 
dynamics at temperatures higher than T > ITeV, such as baryogenesis. However, the effects 
are extremely model dependent, and it is hard to say anything definitive at this point. 

Non-inflation 

Another situation when we cannot ignore the density dependent force on (p is during in- 
flation. Here T^* is large for many e-foldings. Remember that in this section, we are not 
considering (p as our inflaton; instead we consider a slow roll inflationary period driven by 
some other scalar field tp defined in the JF. We wish to examine the effect a modified grav- 
ity Lagrangian such as Eq. (|3.56|) has on the inflationary scenario. In particular, we will 
be interested in situations where inflation by the held ip does not work, being effectively 
sabotaged by (p. We will discuss the generality of these assumptions at the end. 

Such models have been considered before in the context of both the A = models 
[95l 11331 IST] and other generalized gravity models [30]. There the goal was generally to 
make the inflationary predictions more successful, focusing on working models. 

In the JF, consider a scalar field jp with a potential U{ip). We assume that tp is slow 
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rolling; dip/dt ~ —U'{ip)/3H{t). This is the assumption that 



which must be checked for self-consistency once we have solved for H{t). We can now easily 
calculate H{t) by first working in the EF and mapping back to the JF. The equations of 
motion in the EF, Eqs. (|3. 23113. 24|) . become 

mHll = ]^(p'^ + V,s{(p), ((>" + 3H^' = -VM) (3.77) 



Kfr(</') =m + f^(V')x-' (3.78) 

It is interesting that a constant vacuum term in the JF does not translate into to a constant 
term in the EF. See Figure 13-51 for some examples of the effective potential 14fj; we see 
that for large enough ?7('0) ^ M^^pii the minimum vanishes. One finds that there is no 
minimum of the effective potential for 

Uiij) > — (3.79) 



18V3A 

In particular, there is always a minimum for A = 0. 

The resulting behavior of the inflaton ip depends on the size of U{^p) compared to ^u^Mpj. 
For small U{ip) <C fi'^M^^, it is clear that there is a stable minimum around which (p will 
oscillate. In this situation, the effective potential has a minimum at (p ^ with value 
approximately ^4^(0 0) « U{'ip), so after the energy density of (p oscillations redshift 
away, we are left with an exponentially expanding universe with x ~ SH'^M^^ ~ U{ip) 
and H K, H. Hence in the JF, gravity behaves as it normally would in general relativity: 
for a flat potential, the slow roll conditions are satisfied, and inflation driven by ^ip works as 
it normally would. This is the expected situation, and it will happen for /i ~ Mp\. 

On the other hand, we now show that when U{ip) ^ ji^M'^^ ^'^d when there is no 
minimum of the effective potential (A 7^ 0), we get a contradiction to the assumption that 
ip was slow rolling. Hence we show that it is not possible for ip to drive slow-roll inflation. 
For large U{ip) » fi'^M^^, the potential may be approximated as Vcs ~ U{ip)x~'^- We treat 
U{ip) as a constant and find that there is an exact attractor solution to Eq. (j3.77p of the 
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Figure 3-5: Effective potential for the polynomial model Eq. ()3.56p with A = 0.1. for various 
JF inflationary energy densities U {ip) 

form X ~ ^ a ~ t^^^. Mapping this into the EF, we find the behavior a ~ t^/^, i.e., a 
period of radiation dominated expansion analogous to the 0MDE of |T0] More specifically, 
we find 

3M^^H^ w U{^)a-^ (3.80) 

This is clearly not an inflating universe. So the slow roll assumptions of Eq. (|3.76p are not 
consistent in this case. We therefore conclude that it is not possible for ip to drive slow-roll 
inflation. 

Instead, ip dumps most of its energy U^tpo) into radiation, and as before, (p is left frozen 
at some point 0=,, until U{ipo)a~'^ ~ fi'^Mp^. After this, (p can either drive an inflationary 
period itself as in the original discussion of f{R) inflation, or if (p^.. is not in the basin of 
attraction of T4ff, it will roll down the tail of Vc^. In neither situation has tp inflated our 
universe. From this combination of inflaton ip plus f{R) gravity with U{^p) ^ fi'^M^^, we 
only get satisfactory inflation if (/i, A) lies in the region of parameter space appropriate for 
f{R) inflation (the blue/grey sliver in Figure [3^ and if 4>^ sits at a point which allows for 
the required number of e-foldings. 

Gravitational wave constraints 

It is well-known that inflation produces horizon-scale gravitational waves of amplitude Qt ~ 
H/Mp\, so that the energy scale of inflation can be bounded from above by the current 

138 



observational upper limit Qt ^ 0.6 x 10~^ [231^ I242j and perhaps measured by a detection 
of the gravitational wave signal with future CMB experiments |38j . Using such a detection 
one might try to constrain /i^ by the arguments of the previous section. Specifically, by 
demanding that during inflation there is a minimum of the effective potential one can find a 
constraint by invoking Eq. (j3.79p with U (ip) (incorrectly) replaced by the measured energy 
density of inflation. 

However, because of the EF-JF duality, one needs to carefully define what one means 
by "the energy scale of inflation". The bound from the above argument simply precludes 
inflatons with a given energy density U{ip) in the JF, but U {ip) is merely a parameter 
which does not necessarily set the energy scale of inflation. In addition to this problem, we 
cannot use Eq. (I3.79P to derive a constraint for A = 0, because in this case there is always a 
minimum in the effective potential and it is always possible for ip to slow roll (this situation 
is described in greater depth in [133t [95]). 

To make these ideas more concrete and resolve both of these ambiguities, we will op- 
erationally define the energy scale of inflation to be the one that makes the standard GR 
formula for the gravitational wave amplitude valid. It is clear that the amplitude of gravi- 
tational waves should be calculated in the EE where the metric has a canonical action. The 
result is then passed trivially into the JF after inflation and when (j) = Q. The Hubble scale 
H then sets the size of the fluctuations, but it is a complicated model dependent calculation 
to find exactly when the relevant fluctuations are generated. However, there is a limit to 
the size of H for which the EE is approximately inflating, and so gravitational waves are 
being generated. Following the discussion above of non-working inflatons, we demand that 
(j) must be slow rolling down the effective potential V^.^ defined in Eq. (j3.78p for both frames 
to be inflating. In this situation, both scalar and gravity modes are being generated. 

The procedure is thus to find the maximum value of H (that is, from Eq. (I3.77p . the 
maximum value of Vas) such that (j) is slow rolling. We then maximize this H with respect 
to the parameter U{tjj) to find the largest amplitude of gravitational waves that can possibly 
be produced. At each step in this procedure, we wish to be as conservative as possible; for 
example, we define slow roll through the slow roll parameter constraints e < 1 and \r]\ < 2 to 
allows for the possibility of power law inflation. Where again we use the standard deflntion 
of r] and e from [24] . 

As an example, consider the A = case. Here it is possible to show that for (f) to be 
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slow rolling, it must satisfy 



3 + V 9 3M>2 



> ^ ^/-Mpiln (- + ,/- + , (3.81) 



where <j)sr always lies to the left of the minimum of Veg. The maximum Hubble scale in 
the EF for a given U{7p) is then < max{V;;ff(0sr)/3M^j , fj,^/2A}. This is maximized 
for large U (tp) / fi"^ M^^, with the result that < where we have used Eq. (j3.8ip . 

This translates into a constraint on the maximum gravitational wave amplitude that can 
be produced, 

^ 0.04-^ =^ r^^AX ^ 5 X 10^-^^ (3.82) 
Given a measurement of the tensor to scalar ratio r, this places a limit on ^: 



> 3 X IQ-^r^/^Mpi (3.83) 



Numerically, we find similar results for non-zero A. We plot examples of this constraint in 
Figure 13-41 combined with the already discussed working f{R) inflationary models. Note 
that for a given r, it is important that this constraint lies below the corresponding working 
f{R) inflationary model (the blue/grey thin sliver of Fig. l3-4p with the same r; fortunately, 
as is indicated by the arrows in this figure, it does. 

If gravitational waves are not detected, then this argument gives no lower bound on //. 
In particular, it is possible that inflation occurred at the electroweak scale, in which case 
the constraint /i > 2 x 10~^eV is the best we can do. 

Note that we completely ignore the production of scalar fluctuation modes for this 
argument. This is because the scalar modes are much more difficult to calculate, since 
there are two scalar fields in the mix, -0 and 0, which are canonically defined in different 
frames. But the scalar modes are also model dependent and one should generally be able 
to fine tune U^ip) to give the correct amplitude and spectral index without affecting the 
above argument. This more complicated problem was considered for chaotic inflation with 
i?^ gravity in [51j. 

This constraint applies only to slow-roll inflation models. There are classes of fast-roll 
inflation, but these models have problems of their own and generally fail to reproduce the 
required scale invariance (see [147j for a review). 
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Finally, let us discuss some inflaton models that might circumvent this constraint. It 
is possible to add an inflaton in the EF. However, this theory is then not conformally 
equivalent to an f{R) theory: the two scalar fields ip and (p get mixed up. Hence it is not in 
the class of models we set out to constrain. Another possibility is to add an inflaton which 
is conformally coupled to gravity and has a V (x ^p'^ potential. This does not change from 
frame to frame and so inflation might be expected to work. However, it was shown by |136j 
that non-minimally coupled scalar fields cannot drive inflation. 

In any case, if gravitational waves are found, then this constraint must be thought about 
seriously when using such f{R) models in other astrophysical or local gravity situations. 

3.5 Conclusions 

We have searched for viable f{R) theories using the wealth of knowledge on scalar tensor 
theories to which f{R) theories are equivalent. We studied two classes of models: the f{R) 
Chameleon and massive f{R) theories, which may well be the only classes of models that 
can be made consistent with local gravity observations. 

The f{R) Chameleon that was studied is a special kind of scalar field which hides itself 
from solar system tests of gravity using non-linear effects associated with the all-important 
density-dependent effective potential. It was shown that, despite this Chameleon behavior, 
solar system tests still preclude the possibility of observably dynamical DE; the best we 
could do was \wx — 1| ^ 0.3 x 10"^ for the effective DE equation of state parameter wx 
relevant for the dynamics of the expansion. There are of course interesting effects of the 
Chameleon both for local gravity |127j and on cosmological density perturbations [13], and 
these may be worth future studies in the context of f{R) theories. 

The massive theories were found to be more relevant for very high energy cosmology, so 
the conclusions were more speculative. First, the scalar field may be the inflaton, in which 
case we found the required polynomial f{R) to be quite fine tuned as is usual for infiationary 
potentials. If the scalar field was not the inflaton, then we saw that possible instabilities 
could spoil both inflation and Big Bang nucleosynthesis, giving interesting constraints on 
the shape of f{R)- If primordial gravitational waves are detected using the CMB, then the 
most naive models of inflation have serious problems unless the mass of the /(ii)-scalar 
is very large; a measured scalar to tensor ratio of r = 0.05 requires fi > 7 X lO^^Mpi. 

141 



If gravitational waves are not found, then the best we can say comes from the Eot-Wash 
laboratory experiments constraining the extent of a 5th force: /x > 2 x 10~^eV. 

General relativity adorned with nothing but a cosmological constant, i.e., f{R) = R—2A, 
is a remarkable successful theory. As we have discussed, a host of observational data probing 
scales from lO^^m to lO^^m not only agree beautifully with GR, but also place sharp 
constraints on the parametrized departTires from GR that we have explored. In particular, 
both viable classes of f{R) theories that we studied were found to have no relevance for 
dynamic dark energy that is observationally distinguishable from "vanilla" dark energy, i.e., 
a cosmological constant. Since we have no good reason to believe that there are additional 
viable classes of /(i?)-theories, it appears likely that no viable f{R) theories can produce the 
sort of interesting non-vanilla dark energy that many observers are hoping to find. However, 
without a much larger study of the parameter space (which is of course incredibly large) we 
shy away from making a stronger statement here. 

We would like to thank Serkan Cabi, Alan Guth, Robert Wagoner and Matias Zaldar- 
riaga for helpful discussion. 
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Chapter 4 

Constraining cosmological 
parameters with 21cm tomography 

4.1 Introduction 

Three-dimensional mapping of our Universe using the redshifted 21 cm hydrogen hne has 
recently emerged as a promising cosmological probe, with arguably greater long-term po- 
tential than the cosmic microwave background (CMB). The information garnered about 
cosmological parameters grows with the volume mapped, so the ultimate goal for the cos- 
mology community is to map our entire horizon volume, the region from which light has 
had time to reach us during the 14 billion years since our Big Bang. Figure 14-11 illustrates 
that whereas the CMB mainly probes a thin shell from z ~ 1000, and current large-scale 
structure probes (like galaxy clustering, gravitational lensing, type la supernovae and the 
Lyman a forest) only map small volume fractions nearby, neutral hydrogen tomography is 
able to map most of our horizon volume. 

Several recent studies have forecast the precision with which such 21 cm tomography can 
constrain cosmological parameters, both by mapping diffuse hydrogen before and during 
the reionization epoch [1591 HOt I218j and by mapping neutral hydrogen in galactic halos 
after reionization [270j . These studies find that constraints based on the cosmic microwave 
background measurements can be significantly improved. However, all of these papers 
make various assumptions, and it is important to quantify to what extent their forecasts 
depend on these assumptions. This issue is timely because 21 cm experiments (like LOFAR 
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Table 4.1: Factors that affect the cosmological parameter measurement accuracy. 



Assumptions 


Pessimistic 


Middle 


Optimistic 


Power mod- 
eling 


Ionization power 
spectrum modeling 


Marginalize over ar- 
bitrary P^o and 


Marginalize over 
constants that 
parametrize d^xx(k) 
and ^xs(k) 


No ionization power 
spectrum, S^ssik) oc 

PAT(k). 


Non-linear cut-off 

scale /Cmax 


IMpc"" 


2Mpc-' 


4Mpc"" 


Non-Gaussianity of 
ionization signals 


Doubles sample vari- 
ance 


Negligible 


Cosmological 


Reionization his- 
tory 


Gradual reionization over wide range of 
redshifts 


Abrupt reionization 
at ^ < 7 


Redshift range 


7.3-8.2 


6.8-8.2 


6.8 - 10 


Parameter space 


Vanilla model plus 
optional parameters 




Vanilla model pa- 
rameters 


Experimental 


Data 


MWA, LOFAR, 
21 CM A 


Intermediate case 


SKA, FFTT 


Array configuration 



r] = 0.15 


7? = 0.8, n = 2 


Giant core 


Collecting area0 


0.5 X design values 


Design values 


2 X Design values 


Observation time0 


1000 hours 


4000 hours 


16000 hours 


System tempera- 
ture 


2 X Tsys in m] 


Tsys given in [41J 


0.5 X Tsys in [41) 


Astrophysical 


Residual fore- 
grounds cut-off 

scale fcmirQ 




2-K/yB 


Ti/yB 



"For the FFTT, we consider only the case where all dipoles are in a giant core. 
''See designed or assumed values of Ag. in Table 
■^Assumes observation of two places in the sky. 

''it is hard to predict the level of the residual foregrounds after the removal procedure. To quantify 
contributions from other factors, we take the approximation that there is no residual foregrounds at fc > fcmin- 
Here in the table, yB is the comoving (l.o.s.) distance width of a single z-bin. 
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Table 4.2: The dependence of cosmological constraints on the full range of assumptions. We assume the fiducial values given in Section 
14.2.61 and employ the Fisher matrix formalism to forecast the la accuracy of 21cm tomography measurements. Unless otherwise noted, 
errors are computed by marginalizing over all other parameters in the first ten columns (which we refer to as the "vanilla" parameters). 
In "All OPT/MID/PESS", we use the assumptions of the right, middle and left column of Table HTTl respectively. We assume that 
the total observing time is split between two sky regions, each for an amount in Table using a giant /quasi-giant /small core array 
configuration where 100%/80%/15% of the antennae in the inner core are compactly laid at the array center while the rest 0%/20%/85% 
of antennae fall off in density as p ~ r~'^ outside the compact core. 



Vanilla Alone 









Aln(t7m/i^) 


Aln(f76/i^) 


Arts 


A In As 


At 


Axu{7-0) AiH(7.5) A^h(8 



0) Axu{9.2) At7k 


Arrii, 
[eV] 


Aq 


Planck 




0.0070 


0.0081 


0.0059 


0.0033 


0.0088 


0.0043 










0.025 


0.23 


0.0026 




All OPT 


0.0044 


0.0052 


0.0051 


0.0018 


0.0087 


0.0042 


0.0063 


0.0063 


0.0063 


0.0063 


0.0022 


0.023 


0.00073 


+LOFAR 


All MID 


0.0070 


0.0081 


0.0059 


0.0032 


0.0088 


0.0043 


0.18 


0.26 


0.23 




0.018 


0.22 


0.0026 




All PESS 


0.0070 


0.0081 


0.0059 


0.0033 


0.0088 


0.0043 




51 


49 




0.025 


0.23 


0.0026 




All OPT 


0.0063 


0.0074 


0.0055 


0.0024 


0.0087 


0.0043 


0.0062 


0.0062 


0.0062 


0.0062 


0.0056 


0.017 


0.00054 


+MWA 


All MID 


0.0061 


0.0070 


0.0056 


0.0030 


0.0087 


0.0043 


0.32 


0.22 


0.29 




0.021 


0.19 


0.0026 




All PESS 


0.0070 


0.0081 


0.0059 


0.0033 


0.0088 


0.0043 




29 


30 




0.025 


0.23 


0.0026 




All OPT 


0.00052 


0.0018 


0.0040 


0.00039 


0.0087 


0.0042 


0.0059 


0.0059 


0.0059 


0.0059 


0.0011 


0.010 


0.00027 


+SKA 


All MID 


0.0036 


0.0040 


0.0044 


0.0025 


0.0087 


0.0043 


0.0094 


0.014 


0.011 




0.0039 


0.056 


0.0022 




All PESS 


0.0070 


0.0081 


0.0059 


0.0033 


0.0088 


0.0043 




1.1 


1.0 




0.025 


0.23 


0.0026 




All OPT 


0.00010 


0.0010 


0.0029 


0.000088 


0.0086 


0.0042 


0.0051 


0.0051 


0.0051 


0.0051 


0.00020 


0.0018 


0.000054 


+FFTT^ 


All MID 


0.00038 


0.00034 


0.00059 


0.00033 


0.0086 


0.0042 


0.0013 


0.0022 


0.0031 




0.00023 


0.0066 


0.00017 




All PESS 


0.0070 


0.0081 


0.0059 


0.0033 


0.0088 


0.0043 




0.0043 


0.0047 




0.025 


0.11 


0.0024 



"^xiiiz) refers to the mean neutral fraction at redshift z. 

''FFTT stands for Fast Fourier Transform Telescope, a future square kilometer array optimized for 21 cm tomography as described in [245) . Dipoles in FFTT 
are all in a giant core, and this configuration does not vary. 



Figure 4-1: 21 cm tomography can potentially map most of our observable universe (light 
blue/light grey), whereas the CMB probes mainly a thin shell at z ~ 10^ and current large- 
scale structure maps (here exemplified by the Sloan Digital Sky Survey and its luminous red 
galaxies) map only small volumes near the center. This chapter focuses on the convenient 
7 ^ 2: ^ 9 region (dark blue/dark grey). 

[148] . 21CMA [T], MWA [182] and SKA [226]) are still largely in their planning, design or 
construction phases. These experiments will be described in detail in Section r4.2.71 In order 
to maximize their scientific "bang for the buck", it is therefore important to quantify how 
various design tradeoffs affect their sensitivity to cosmological parameters. 

The reason that neutral hydrogen allows mapping in three rather than two dimensions 
is that the redshift of the 21 cm line provides the radial coordinate along the line-of-sight 
(I.O.S.). This signal can be observed from the so-called dark ages |2241I143] before any stars 
had formed, through the epoch of reionization (EoR), and even to the current epoch (where 
most of the neutral hydrogen is confined within galaxies). We focus in this study on the 
21 cm signal from 6 < z < 20 - the end of the dark ages through the EoR. This is the 
redshift range at which the synchrotron foregrounds are smallest, and consequently is the 
range most assessable for all planned 21 cm arrays. 
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There are three position-dependent quantities that imprint signatures on the 21 cm sig- 
nal: the hydrogen density, the neutral fraction, and the spin temperature. For cosmological 
parameter measurements, only the first quantity is of interest, and the last two are nui- 
sances. (For some astronomical questions, the situation is reversed.) The 21 cm spin-flip 
transition of neutral hydrogen can be observed in the form of either an absorption line 
or an emission line against the CMB blackbody spectrum, depending on whether the spin 
temperature is lower or higher than the CMB temperature. 

During the epoch of reionization, the spin temperature is likely coupled to the gas tem- 
perature through Lya photons via the Wouthuysen-Field Effect 1269^ 187]. and the gas in the 
IGM has been heated by X-ray photons to hundreds of Kelvin from the first stars [208]. If 
this is true, the 21cm signal will only depend on the hydrogen density and the neutral frac- 
tion. However, astrophysical uncertainties prevent a precise prediction for exactly when the 
gas is heated to well above the CMB temperature and is coupled to the spin temperature. 
In this chapter, we follow [1591 HQ] and focus entirely on the regime when the spin tempera- 
ture is much larger than the CMB temperature [2761 [93l I217j . such that the observed signal 
depends only on fluctuations in density and/or the neutral fraction. Specifically, we focus 
on the time interval from when this approximation becomes valid (around the beginning 
of the reionization |276[ 1931 1217j ) until most hydrogen has become ionized, illustrated by 
the darkest region in Figure 14-11 Despite this simplification, the methods that we apply to 
model the ionization fluctuations almost certainly can be applied to model spin temperature 
fluctuations with minimal additional free parameters. 

In Table HTTl we list all the assumptions that affect the accuracy of cosmological param- 
eter measurements, including ones about power modeling, cosmology, experimental design, 
and astrophysical foregrounds. For each case, we provide three categories of assumptions: 
one pessimistic (PESS), one middle-of-the-road (MID) and one optimistic (OPT). Since we 
wish to span the entire range of uncertainties, we have made both the PESS and OPT 
models rather extreme. The MID model is intended to be fairly realistic, but somewhat on 
the conservative (pessimistic) side. 

Before describing these assumptions in detail in the next section, it is important to note 
that taken together, they make a huge difference. Table IT2] illustrates this by showing the 
cosmological parameter constraints resulting from using all the OPT assumptions, all the 
MID assumptions or all the PESS assumptions, respectively. For example, combining CMB 
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data from Planck and 21 cm data from FFTT, the la uncertainty differs by a factor of 125 
for J7k and by a factor of 78 for rrijy depending on assumptions. It is therefore important 
to sort out which of the assumptions contribute the most to these big discrepancies, and 
which assumptions do not matter much. This is a key goal of our chapter. 

The rest of this chapter is organized as follows. In Section 14.21 we explain in detail the 
assumptions in the same order as in Table 14.11 and also present a new method for modeling 
the ionization power spectra. In Section [4.31 we quantify how the cosmological parameter 
measurement accuracy depends on each assumption, and we derive simple analytic approx- 
imations of these relations. In Section 14.41 we conclude with a discussion of the relative 
importance of these assumptions, and implications for experimental design. 



4.2 Forecasting Methods &; Assumptions 

4.2.1 Fundamentals of 21cm cosmology 
Power spectrum of 21 cm radiation 

We review the basics of the 21 cm radiation temperature and power spectrum only briefly 
here, and refer the interested reader to [92] for a more comprehensive discussion of the 
relevant physics. The difference between the observed 21 cm brightness temperature at the 
redshifted frequency u and the CMB temperature Tcmb is [88] 

^ / N 3c^/iAionH(x)[rs(x) - Tcmb] ^ 
''^ ' 2,2TxkBvlTs{^){l+zY{dv\\/dr)' ^ ' ' 

where Ts is the spin temperature, nu is the number density of the neutral hydrogen gas, 
and ~ 2.85 x lO^^^s^^ is the spontaneous decay rate of 21cm transition. The factor 
dv\\/dr is the gradient of the physical velocity along the line of sight (r is the comoving 
distance), which is H{z)/{\ + z) on average (i.e. for no peculiar velocity). Here H{z) is the 
Hubble parameter at redshift z. The spatially averaged brightness temperature at redshift 
z is (in units of mK) 
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where xh is the mean neutral fraction, and T5 is the averaged spin temperature. If T5 ^ 
Tqmb in the EoR, the 21cm emission should therefore be observed at the level of milli- 
Kelvins. 

To calculate the fluctuations, we rewrite Eq. (j4.ip in terms of 6 (the hydrogen mass 
density fluctuation), 5x (the fluctuation in the ionized fraction), and the gradient of the 
peculiar velocity dvr/dr along the line of sight, using the fact that dv\\/dr = H{z)/{1 + z) + 
dvr/dr: 

T.(x) = n[l- ..(1 + 4)] (1 + ^) (1 - ^§7) X (^^^) • (4-3) 

Here Xi = 1 — xh is the mean ionized fraction, and we have defined = T;,/xh x \Ts/[Ts — 
Tcmb)]- We write 6v = {Ha)~^dvr/dr. In Fourier space, it is straightforward to show 
that, as long as (5 ^ 1 so that linear perturbation theory is valid, (5t,(k) = — /U^(5, where 
// = k • n is the cosine of the angle between the Fourier vector k and the line of sight. In 
this chapter, we restrict our attention to the linear regime. We will also throughout this 
chapter assume Ts ^ ^cmb during the EoR, making the last factor in Eq. ()4.3p unity for 
the reasons detailed in Section [4.11 

In Fourier space, the power spectrum PatO^) of the 21cm fluctuations is defined by 
(ATj,*(k)ATb(k')) = {27r)^5^{k - k')-PAT(k), where AT;, is the deviation from the mean 
brightness temperature. It is straightforward to show from Eq. (j4.3p that, to leading order, 

PAT(k) = fi { [x^^Pss - 2xhP.s + P..] + [xlPss - x^P^s] + l^^x^Pss} ■ (4.4) 

Here Pxx = xfPs^s^ and Px(5 = x\Ps^s are the ionization power spectrum and the density- 
ionization power spectrum respectively. For convenience, we define ^ssi^) = Pb^u^ssik), 
^xs{k) = T^xuPxsik) and ^xx{k) = T^P^{k), so the total 21 cm power spectrum can be 
written as three terms with different angular dependence: 

PAT(k) = P^oik) + P^2{k)fi^ + P^4{k)fi\ (4.5) 
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where 



Pf,o = ^65-2^^5 + ^xx, (4.6) 
P^2 = 2{l^s5-^xs), (4.7) 
P^4 = ^ss. (4.8) 

Since P^4 involves only the matter power spectrum that depends only on cosmology, Barkana 
and Loeb [19] argued that in principle, one can separate cosmology from astrophysical 
"contaminants" such as ^xx and whose physics is hitherto far from known. We 

will quantify the accuracy of this conservative approach (which corresponds to our PESS 
scenario for ionization power spectrum modeling below) in Section 14.31 



From u to k 

The power spectrum PatO^) and the comoving vector k (the Fourier dual of the comoving 
position vector r) are not directly measured by 21cm experiments. An experiment cannot 
directly determine which position vector r a signal is coming from, but instead which vector 
= dxSx + dy<^y + A/e^ it is coming from, where {6x, 9y) give the angular location on the 
sky plane, and A/ is the frequency difference from the central redshift of a z-h'm. For 
simplicity, we assume that the sky volume observed is small enough that we can linearize 
the relation between and r. Specifically, we assume that the sky patch observed is much 
less than a radian across, so that we can approximate the sky as flat|l|, and that separations 
in frequency near the mean redshift z^, are approximately proportional to separations in 
comoving distance. In these approximations, if there are no peculiar velocities, 

@± = ;7^, (4.9) 
A/ = (4.10) 



^The FFTT is designed for all-sky mapping (i.e. the field of view is of order 2n). However, since the 
angular scales from which we get essentially all our cosmological information are much smaller than a radian 
(with most information being on arcminute scales), the fiat-sky approximation is accurate as long as the 
data is analyzed separately in many small patches and the constraints are subsequently combined. 
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Here "_L" denotes the vector component perpendicular to the hne of sight, i.e., in the 
(x, y)-plane, and d-A is the comoving angular diameter distance given by [135] 



dA{z) 



I f^/c ' ^ 



/2g 



dz' 

'WW 



where 



E{z) = ^ = ^^^{l + zf + n^,{l + zf + n^, 
-no 



(4.11) 



(4.12) 



is the relative cosmic expansion rate and the function S{x) equals sin(a;) if fi^ < 0, x if 
Ok = 0, and sinhx if 17^ > 0. The conversion factor between comoving distances intervals 
and frequency intervals is 



(4.13) 



HoE{z) 

where A21 ~ 21 cm is the rest-frame wavelength of the 21 cm line. 

We write the Fourier dual of as u = Uxfix + UyCy + u\\ez {u\\ has units of time). The 
relation between u and k is therefore 



= dAkx, (4.14) 
u\\ = yk\\- (4-15) 

In u-space, the power spectrum Pat{^) of 21cm signals is defined by (AT^*(u)AT;,(u')) = 
(27r)35(3) (u — u')Pat(u), and is therefore related to PatO^) by 

PatH = -^PatO^) . (4.16) 

Note that cosmological parameters affect Pat{'^) in two ways: they both change Pat(M-) 
and alter the geometric projection from k-space to u-space. If dA and y changed while 
PAT(k) remained fixed, the observable power spectrum Pat(u) would be dilated in both 
the u_L and directions and rescaled in amplitude, while retaining its shape. Since both 
dA and y depend on the three parameters (Oki ^A) h), and the Hubble parameter is in turn 
given by the parameters in Table 14.21 via the identity h = y/Qmh'^/i^ — — ^k), we see 
that these geometric effects provide information only about our parameters ($7^) ^mh'^)- 
Baryon acoustic oscillations in the power spectrum provide a powerful "standard ruler" , and 
the equations above show that if one generalizes to the dark energy to make Oa an arbitrary 
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function of then the cosmic expansion history H{z) can be measured separately at each 
redshift bin, as explored in [2701 11561 I59j . 21 cm tomography information on our other 



on PAT(k). Also note that (O^jr^A) affect PatO^) only by modulating the rate of linear 
perturbation growth, so they alter only the amplitude and not the shape of P^tO^)- 

If we were to use Eq. (|4.16p to infer PatO^) from the measured power spectrum Pat(u) 
while assuming incorrect cosmological parameter values, then this geometric scaling would 
cause the inferred -PAr(k) to be distorted by the so-called Alcock-Paczyhski (AP) effect 
[1891 and not take the simple form of Eqns. (j4.5p - (j4.8p . To avoid this complication, we 
therefore perform our Fisher matrix analysis directly in terms of -Pat(u), since this quantity 
is directly measurable without any cosmological assumptions. 

The above transformations between u-space and r-space are valid when there are no 
peculiar velocities. The radial peculiar velocities Vr that are present in the real world 
induce the familiar redshift space distortions that were discussed in Section 14.2.11 causing 

and power spectrum anisotropies that were described there. 

4.2.2 Assumptions about I^^^ and I^^s 

During the EoR, ionized bubbles (HII regions) in the IGM grow and eventually merge 
with one another. Consequently, ^xxO^) and ^xsO^) contribute significantly to the total 
21cm power spectrum. The study of the forms of these two ionization power spectra has 
made rapid progress recently, particularly through the semi-analytical calculations [93l 12761 
11571 1274] and radiative transfer simulations (158^ 1275] . However, these models depend on 
theoretically presumed parameters whose values cannot currently be calculated from first 
principles. From the experimental point of view, it is therefore important to develop data 
analysis methods that depend only on the most generic features of the ionization power 
spectra. In this chapter, we consider three methods — our OPT, MID and PESS models 
— that model and as follows: 



cosmological parameters (ng, A^, r2f,/i^ 



rriu, a, etc.) thus comes only from their direct effect 



(OPT) 




= 







(4.17) 
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(MID) 



^xsik) 



XX/ 



9 

X 

9 



x5 exp [-Qx5(A;-Rx5) - (fc^x5 



2 (fid) 
55 



55 



(4.18) 



(PESS) 



=^^xx(^) = arbitrary 
3^x5{k) = arbitrary 

In the next three subsections, we explain these models in turn. 



(4.19) 



OPT model 

It is likely that before reionization started (while xh = 1 and 3^xx = ^x5 = 0), hydrogen 
gas had already been sufficiently heated that Tg » Tcmb- In this regime, Eq. (j4.17p holds. 
This OPT scenario is clearly the simplest model, since the total 21cm power spectrum is 
simply proportional to ^S5- PatO^) = ^55{k){l + /i^)^- To forecast the la error, we use 
the Fisher matrix formalism [243j- Repeating the derivation in [238], the Fisher matrix for 
cosmological parameters Aa (a = 1, . . . , Np) is 

1 f / ainPA°j^(u) \ / 91nPjg^(u) \ d^u 

where the integral is taken over the observed part of u-space, and P^y(u) denotes the 
combined power spectrum from cosmological signal and all forms of noise. Here Vq = B 
is the volume of the 0-space where is the solid angle within the field of view (f.o.v.) and 
B is the frequency size of a z-bin. The Fisher matrix determines the parameter errors as 



For computational convenience, we subdivide n-space into pixels so small that the power 
spectrum is roughly constant in each one, obtaining 



[5Pat(u)]2 V dXa J \ dXb 



where the power spectrum measurement error in a pixel at u is 



,P,,(v.) = ^ = ^-^'"' + f"'"^> . (4.22) 
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Table 4.3: Fiducial values of ionization parameters adopted for Figure 14-21 R^^ and R^s 
are in units of Mpc, while other parameters are unitless. 



z 










7xx 


Ks 


Rxs 


01^5 


9.2 


0.9 


0.208 


1.24 


-1.63 


0.38 


0.45 


0.56 


-0.4 


8.0 


0.7 


2.12 


1.63 


-0.1 


1.35 


1.47 


0.62 


0.46 


7.5 


0.5 


9.9 


1.3 


1.6 


2.3 


3.1 


0.58 


2. 


7.0 


0.3 


77. 


3.0 


4.5 


2.05 


8.2 


0.143 


28. 



Here Pn{u±) is the noise power spectrum and will be discussed in detail in Section [4.2.71 
note that it is independent of uy and depends only on u± through the baseline distribution 
of the antenna array. 

iVc = 27r/c2sin6'A/i;A6' X Vol/(27r)^ (4.23) 

is the number of independent cells in an annulus summing over the azimuthal angle. We 
have the factor ^Jl/Nc in JPat instead of the normal \/2/Nc because we only sum over 
half the sphere. 




k [l/Mpc] k [1/Mpc] k [1/Mpc] k[1/Mpc] 



Figure 4-2: Fits to the ionization power spectra at several redshifts. Solid (blue) lines 
are the results of the radiative transfer simulation in Model I of the McQuinn et al. paper 
|158j . Dashed (green) lines are fitting curves of our parametrization. Dot-dashed (red) lines 
are best fits using the parametrization suggested by Santos and Cooray [218j . Top panels: 
3^xx/^65 = P^Jix'^Pss)- Bottom panels: ^,,5/^55 = P^s/ixaPss)- From left to right: 
z = 9.2, 8.0, 7.5, 7.0 (xi = 0.10, 0.30, 0.50, 0.70 respectively). 
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MID model 

After reionization starts, both ionization power spectra l^xx and ^^^^ make significant con- 
tribution to the total 21cm power spectrum. We explore two different analysis methods — 
our MID and PESS models — for separating the cosmological signal from these astrophysical 
contaminants (i.e. and &*xb)- 

Our MID model assumes that both ionization power spectra ^xx{^) and =^x5(^) are 
smooth functions of k which can be parametrized by a small number of nuisance parameters 
Pi, . . . , Pnion related to reionization physics. Combining these ionization parameters with 
our cosmological ones into a larger parameter set pa (a = l,...,Np + nion), we can 
jointly constrain them by measuring Pat(u). 

In Appendix 14. Al we will describe a goodness-of-fit test for quantifying whether this 
parametrization is valid. The Fisher matrix for measuring pa is simply 



This Fisher matrix Fap is not block diagonal, i.e., there are correlations between the cosmo- 
logical and ionization parameters, reflecting the fact that both affect ^xxik) and ^x6ik). 
The inversion of the Fisher matrix therefore leads to the degradation of the constraints of 
cosmological parameters. However, the total 21cm power spectrum is usually smaller in 
magnitude in the MID model than in the OPT model (see Eq. (j4.4jl ). giving less sample 
variance. This means that as long as noise in a 21cm experiment dominates over sample 
variance, the MID model will give weaker constraints than the OPT model, because of the 
degeneracies. For future experiments with very low noise, however, it is possible to have 
the opposite situation, if the reduction in sample variance dominates over the increase in 
degeneracy. This does of course not mean that the MID model is more optimistic than the 
OPT model, merely that the OPT model is assuming an unrealistic power spectrum. 

Having set up the general formalism, we now propose the specific parametrization 
specified by Eq. (|4.18p . with fiducial values of ionization parameters given in Table 14.31 
This parametrization was designed to match the results of the radiative transfer simula- 
tions in Model I of |158j , and Figure 14-21 shows that the fit is rather good in the range 
k = 0.1 — 2 Mpc~^ to which the 21cm experiments we consider are most sensitive. 

The radiative transfer simulations implemented in |158j are post processed on top of a 




(4.24) 
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1024^ N-body simulation in a box of size 186 Mpc. Three models for the reionization history 
are considered in |158j : 

1. In Model I, all dark matter halos above mcool (corresponding to the minimum mass 
galaxy in which the gas can cool by atomic transitions and form stars, e.g. rricool ~ 
10^ Mq at z = 8) contribute ionizing photons at a rate that is proportional to their 
mass. 

2. In Model II, the ionizing luminosity of the sources scales as halo mass to the 5/3 
power, i.e. more massive halos dominate the production of ionizing photons than in 
Model I. 

3. In Model III, which has the same source parametrization as in Model I except for 
doubled luminosity, minihalos with m > IQ^Mq absorb incident ionizing photons out 
to their virial radius unless they are photo-evaporated (but do not contribute ionizing 
photons). 

It appears to be a generic feature in the simulation results that the ratios of functions at 
large k fall off like a power law for !!^^xx{k) / ^^ssik)^ and exponentially for I^^xsik) / .'^ssik). 
At small /c, i3^xx{k) / ^55{k) can either increase or decrease approximately linearly as k in- 
creases, while i^^xS^k) / ^ssi^) is asymptotically constant. Our parametrization in Eq. (j4.18p 
captures these features: at large /c, i!y'xx{k) / ^55{k) oc k^'^^^ and ^xs{k,) / S^ssik) oc exp {—{kR. 
at smah k, ^xx{k) / ^55 {k) oc (1 - (7xx axx^xx/2) k), and ^xs{k) / S^5s{k) oc (1 - a^s R^s k) 
(both Oxx and a^s can be either positive or negative). Figure also shows that for Pxxik) 
and also for Pxsik) at large k, our parametrization further improves over the parametriza- 
tion P{k)/Pss = 6^e~^^^^^ suggested by Santos and Cooray |218j . which works well for 
Pxsi^) at small k. 

To be conservative, we discard cosmological information from ^xsik) and ^xxik) in 
our Fisher matrix analysis by using the fiducial power spectrum ^ssik)^^'^^ rather than the 
actual one ^ssik) in Eq. (|4.18|) . This means that the derivatives of ^xsik) and r'^xxik) 
with respect to the cosmological parameters vanish in Eq. (j4.24p . It is likely that we can do 
better in the future: once the relation between the ionization power spectra and the matter 
power spectrum can be reliably calculated either analytically or numerically, the ionization 
power spectra can contribute to further constraining cosmology. 
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In addition to the fit of Model I shown in Figure 14-21 we also fit our model (with 
different fiducial values from those listed in Table 14. 3p to the simulations using Model II 
and III in |158j . and find that the parametrization is flexible enough to provide good fits to 
all three simulations, suggesting that the parametrization in Eq. (j4.18p may be generically 
valid and independent of models. Note, however, that at low redshifts {xi > 0.7), our 
parametrization of ^xs/^ss does not work well at large k, in that the simulation falls off 
less rapidly than exponentially. This may be because when HII regions dominate the IGM, 
the ionized bubbles overlap in complicated patterns and correlate extremely non-linearly at 
small scales. This partial incompatibility indicates that our parametrization (i.e. Eq l4.18p 
is only accurate for small Xj, i.e. before non-linear ionization patterns come into play. 

In the remainder of this chapter, we will adopt the values in Table as fiducial values 
of the ionization parameters. 



PESS model 

By parametrizing the ionization power spectra with a small number of constants, the MID 
model rests on our understanding of the physics of reionization. From the point of view 
of a maximally cautious experimentalist, however, constraints on cosmological parameters 
should not depend on how well one models reionization. In this spirit, Barkana and Loeb 
[19] proposed what we adopt as our "PESS" model for separating the physics (/c) from 
the "gastrophysics" ^xx{k) and ^xs{k)- Instead of assuming a specific parametrization, 
the PESS model makes no a priori assumptions about the ionization power spectra. In 
each /c-bin that contains more than three pixels in u-space, one can in principle separate 
-f/i*!^) = ^ssi^) from the other two moments. The PESS model essentially only constrains 
cosmology from the P^4 term and therefore loses all information in P^o and P^2 . We now set 
up the Fisher matrix formalism for the PESS model that takes advantage of the anisotropy 
in PatO^) arising from the velocity field effect. Numerical evaluations will be performed in 
Section HXTl 

The observable in 21cm tomography is the brightness temperature T;,(x). In Fourier 
space, the covariance matrix between two pixels kj and is Cij = Sij[PATO^i) + PN{k±)], 
assuming that the measurements in two different pixels are uncorrelateco. The total 21cm 



^We ignore here a 5-function centered at the origin since 21cm experiments will not measure any fc = 
modes. 



157 



power spectrum is PatO^) = P^o{k) + P^2{k)^'^ + P^A{k)i/'. For convenience, we use 
the shorthand notation Pa, where Pi = P^o, P2 = -P^a and P3 = P^4 and define the 
aA = 0,2,4 for A = 1,2,3, respectively. Thus the power spectrum can be rewritten as 
Pat = Y1\=iPaIJ'"'^ ■ Treating PA{k) at each /c-bin as parameters, the derivatives of the 
covariance matrix are simply dCij/dPA{k) = dijfi""^, where |kj| resides in the shell of radius 
k with width AA;. Since the different A;-bins all decouple, the Fisher matrix for measuring 
the moments PA{k) is simply a separate 3 x 3-matrix for each A:-bin: 



FAA'{k) = ^tr 



C 



-1 



dC ^ , dC 



dPA{k) dPA'ik) 



^ ^ (4.25) 



upper halt-shell 



where SPatO^) = Nc [PAr(k) + PN{ki_)]. Here PAr(A;_L) is related to Pn{ui_) by Eq. (fTOj) . 
Again the sum is over the upper half of the spherical shell k < |k| < k + Ak. The la error 



of P3 = P^4 is 6P:i{k) = yP "'^33 (^)- Once = P^i is separated from other moments, 
can be used to constrain cosmological parameters Aq with the Fisher matrix as given 
in Eq. (jMH). 



We have hitherto discussed the anisotropy in PAT(k) that arises from the velocity field 
effect. However, the AP-effect may further contribute to the anisotropy in that it creates 
a ^^-dependence and modifies the //^ term [1891 [18]. The AP-effect can be distinguished 
from the velocity field effect since the P^e term is unique to the AP-effect. Thus, one 
can constrain cosmological parameters from P^4 and P^e [159j, involving the inversion of a 
4x4 matrix which loses even more information and therefore further weakens constraints. 
Therefore, the PESS Fisher matrix that we have derived without taking AP-effect into 
account can be viewed as an upper bound on how well the PESS approach can do in terms 
of cosmological parameter constraints. However, this maximally conservative 4x4 matrix 
approach may be inappropriately pessimistic, since the AP-induced clustering anisotropy 
is typically very small within the observationally allowed cosmological parameter range, 
whereas the velocity-induced anisotropies can be of order unity. 
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4.2.3 Assumptions about Linearity 

To avoid fitting to modes where 6^ is non-linear and physical modeling is less reliable, 
we impose a sharp cut-off at femax and exclude all information for k > ^max- 

We take 

kmax = 2Mpc~^ for our MID model, and investigate the A^max-dependence of cosmological 
parameter constraints in Section [4. 3. 2[ 

4.2.4 Assumptions about non-Gaussianity 

Non-Gaussianity of ionization signals generically becomes important at high x^. With a large 
volume, high resolution simulations of cosmic reionization, Lidz et al. [146j and Santos et 
al. |216j found non-negligible (a factor of 1.5) differences in the full power spectrum at high 
Xi (xi > 0.35)). To get a rough sense of the impact of non-Gaussianity on cosmological 
parameter constraints, we simply model it as increasing the sample variance by a factor S^. 
We thus write the total power spectrum as 

SPat{u) = iCPATin) + PnM] , (4.26) 

where ^ is the factor by which the the sample variance is increased. The parameter ^ should 
take the value ^ 1 (Gaussian) at epochs with low Xi and 1 < ^ < 2 (non-Gaussian) at 
high Xj. 

4.2.5 Assumptions about reionization history and redshift range 

21cm tomography can probe a wide range of redshifts, as illustrated in Figure 0^ However, 
one clearly cannot simply measure a single power spectrum for the entire volume, as the 
clustering evolves with cosmic time: The matter power spectrum changes gradually due to 
the linear growth of perturbations |244j . More importantly, the ionization power spectra 
vary dramatically with redshift through the epoch of reionization. We incorporate these 
complications by performing our analysis separately in a series of redshift slices, each chosen 
to be narrow enough that the matter and ionization power spectra can be approximated 
as constraint within each slice. This dictates that for a given assumed reionization history, 
thinner redshift slices must be used around redshifts where xh varies dramatically. 
In this chapter, we will consider two rather opposite toy models in Section 14.31 

• OPT: A sharp reionization that begins and finishes at one redshift (say z < 7). 

159 



Table 4.4: Specifications for 21cm interferometers 



Experiment 




Min. baseline (m) 


f.o.v. (dcg^) 


(m^) at z=6/8/12_^ 


MWA 


500 


4 


7rl6^ 


9/14/18 


SKA 


7000 


10 




30/50/104 


LOFAR 


77 


100 


2 X 7r2.4^ 


397/656/1369 


FFTT 


10^ 


1 


2-K 


1/1/1 



• MID/PESS: A gradual reionization that spanning a range of redshifts, assuming the 
ionization parameter values that fit Model I simulation of the McQuinn et al. paper 

[EE] 

For the latter scenario, the ionization fraction is not a linear function of redshift. For 
example, in in the McQuinn et al. |158j simulation, xh =0.9, 0.7, 0.5 and 0.3 correspond 
to redshifts z = 9.2, 8.0, 7.5 and 7.0, respectively. For our different scenarios, we therefore 
adopt the redshift ranges 6.8 < z < 10 that are divided into four redshift slices centered at 
the above redshifts (OPT), 6.8 < z < 8.2 split into three bins centered at z=7.0, 7.5 and 
8.0 (MID), 7.3 < z < 8.2 split into two slices centered at z = 7.5 and 8.0. 

4.2.6 Assumptions about cosmological parameter space 

Since the impact of the choice of cosmological parameter space and related degeneracies 
has been extensively studied in the literature, we will perform only a basic analysis of 
this here. We work within the context of standard inflationary cosmology with adiabatic 
perturbations, and parametrize cosmological models in terms of 12 parameters (see, e.g. 
, Table 2 in |242j for explicit definitions) whose fiducial values are assumed as follows: 
i7k = (spatial curvature), = 0.7 (dark energy density), Ob = 0.046 (baryon density), 
h = 0.7 (Hubble parameter Hq = 100/ikms^^ Mpc^^), r = 0.1 (reionization optical depth), 
rjjy = 0.0175 (massive neutrino density), Ug = 0.95 (scalar spectral index), Ag = 0.83 
(scalar fluctuation amplitude), r = (tensor-to-scalar ratio), a = (running of spectral 
index), nt = (tensor spectral index) and w = —1 (dark energy equation of state). We 
will frequently use the term "vanilla" to refer to the minimal model space parametrized by 
(r^A, Om/i^, r^b/i^, ns, ^s, r) combined with X}i{z) and ionization parameters at all observed 
z-bins, setting Qi^^^^i^h'^ ,r,a,nt, and w fixed at their fiducial values. 
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4.2.7 Assumptions about Data 

The MWA, LOFAR, SKA and FFTT instruments are still in their planning/design/development 
stages. In this chapter, we adopt the key design parameters from [H] for MWA, [220] and 
www.skatelescope.org for SKA, www.lofar.org for LOFAR, and [245j for FFTT unless ex- 
plicitly stated. 

Interferometers 

We assume that MWA will have 500 correlated 4m x 4m antenna tiles, each with 16 dipoles. 
Each individual tile will have an effective collecting area of 14 m^ at z = 8 and 18 m^ at 
z ^ 12. LOFAR will have 77 large (diameter ~ 100 m) stations, each with thousands of 
dipole antennae such that it has the collecting area nearly 50 times larger than each antenna 
tile of MWA. Each station can simultaneously image N regions in the sky. We set N = 2 
in this chapter but this number may be larger for the real array. The design of SKA has 
not been finalized. We assume the "smaller antennae" version of SKA, in which SKA will 
have 7000 small antennae, much like MWA, but each panel with much larger collecting 
area. FFTT stands for Fast Fourier Transform Telescope, a future square kilometer array 
optimized for 21 cm tomography as described in |245j . Unlike the other interferometers we 
consider, which add in phase the dipoles in each panel or station, FFTT correlates all of its 
dipoles, resulting in more information. We evaluate the case where FFTT contains a million 
Im X Im dipole antennae in a contiguous core subtending a square kilometer, providing a 
field-of-view of 2ti steradians. 

For all interferometers, we assume that the collecting area Af> oc A^, like a simple dipole, 
except that A^, is saturated at z ~ 12 in MWA since the wavelength A = 21(l + z) cm exceeds 
the physical radius of an MWA antenna panel. The summary of the detailed specifications 
adopted in this chapter is listed in Table 14.41 

Configurat ion 

The planned configurations of the above-mentioned interferometers are quite varied. How- 
ever, all involve some combination of the following elements, which we will explore in out 
calculations: 

1. A nucleus of radius Rq within which the area coverage fraction is close to 100%. 
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2. A core extending from radius Rq our to i?in where there coverage density drops hke 
some power law r~". 

3. An annulus extending from Ri^ to Rout where the coverage density is low but rather 
uniform. 

In its currently planned design, the MWA will have a small (i?o ~ 20m) nucleus, while the 
core density falls off as until a sharp cutoff at i?in = 750m. For LOFAR we assume 32 
stations in a core of radius Rm ~ 1 km, and another 32 stations in an outer annulus out to 
radius i?out ~ 6 km. For SKA we assume 20% in the core, and 30% in the annulus out to 
radius Ront ~ 5 km. We ignore the measurements from any dilute distribution of antenna 
panels outside -Rout- Foi" LOFAR and SKA, we assume a uniform distribution of antennae 
in the annulus, but with an inner core profile like that of the MWA, i.e., a nucleus of radius 
Rq = 285/189 m (LOFAR/SKA) and an fall-off outside this compact core. We assume 
an azimuthally symmetric distribution of baselines in all arrays. 

For an array with antennae within R^^, we can define a quantity 



i^r^^J— , (4-27) 

where pQ is the area density of the nucleus. R^^^ is the maximal radius of the nucleus, 
corresponding to the case where there it contains all the A'^in antennae and there is no core. 

It is also convenient to parametrize the distribution of these A'^in antennae within R[^ 
by two numbers: the fraction rj that are in the nucleus, and the fall-off index n of the core. 
It is straightforward to show that Rq and R[^ are related to rj and n by 

fio = V^i!?", (4.28) 

if n 7^ 2. The analytic relation for n = 2 is i?in = i?oexp [(1 — r])/{2r])], which can be well 
approximated in numerical calculation by by taking n = 2 -|- e in Eq. (I4.29P with e 10~^'^. 

In Section 14.3.51 we will scan almost all possible design configurations and find the 
optimal one for constraining cosmology. There are two independent ways to vary array 
configurations, as illustrated by Figure [4^ by varying Rq with i?j„ fixed, and by varying 
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Figure 4-3: Examples of array configuration changes. For MWA (upper panels), antennae 
are uniformly distributed inside the nucleus radius Rq, and the density p falls off like a 
power law for Rq < r < Rin where Rin is the core radius. For SKA (lower panels) and 
similarly for LOFAR, there is in addition a uniform yet dilute distribution of antennae in 
the annulus Rin < r < Rout, where Rout is the outer annulus radius. When Rq is decreased 
{Rq = 0.7/0.5/0.3 X iJg^'^^) with Rin = 3.0 x iJg^'^^ fixed (left panels), the density in the core 
falls off slower (blue/red/green curves). When Rin is decreased (Rin = 4.0/3.0/2.0 x R^^"^) 
with Rq = 0.5 X R^^^ fixed (right panels), the density in the core also falls off less steep 
(dashed/solid/dotted curves). 



Rin with Rq fixed. Contributions from antennae in the annulus are negligible compared to 
the core, so varying Rout is not interesting. 
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In other parts of Section 14.31 we will assume the intermediate configuration r] = 0.8 
and n = 2 (except for FFTT which is purely in a giant core) with the planned number 
of antennae in the core and annulus. Note that this configuration is optimized from the 
currently planned design. 



Detector noise 

21cm radio interferometers measure visibility V. The visibility for a pair of antennae is 
defined as |176j 

V{u„uy, A/) = J dxdyAnix, y, A/)e-^("-^+"-^) , (4.30) 

where {ux,Uy) are the number of wavelengths between the antennae. The hydrogen 3D map 
is the Fourier transform in the frequency direction /(u) = f dAf\'{ux,Uy, Af) exp {—iAfui^^) 
where u = u^Cx + Uyfiy + u\\ez- The detector noise covariance matrix for an interferometer 
is [T75lfT59] 

(4.31) 

where B is the frequency bin size, Tgys is system temperature, and tu ~ {Aeto/ X'^)n{u±) is 
the observation time for the visibility at |u_l| = dyi|k| sinO. Here Iq is the total observation 
time, and n is the number of baselines in an observing cell. 

The covariance matrix of the 21cm signal /(u) is related to the power spectrum PAT(k) 
by [159] 



C^^(u,,u,) ^ (r(u,)/(u,)) 



PAxi^d^Sij . (4.32) 



Therefore, the noise in the power spectrum is 

P^(n^) = ( ^!Zky . (4.33) 

For all interferometers, the system temperature is dominated by sky temperature Tg^y ~ 
60(A/1 m)^'^^ K due to synchrotron radiation in reasonable clean parts of the sky. Following 
[H], we set Tsys = 440 at z = 8 and Tgys = 690 at z = 10. 
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4.2.8 Assumptions about Residual Foregrounds 

There have been a number of papers discussing foreground removal for 21 cm tomography 
(e.g. [257\ mi 11921 [75] and references therein), and much work remains to be done on this 
important subject, as the the amphtudes of residual foregrounds depend strongly depends on 
cleaning techniques and assumptions, and can have potentially dominate the cosmological 
signal. The work of Wang et al. |257j and McQuinn et al. |159j suggested that after 
fitting out a low-order polynomial from the frequency dependence in each pixel, the residual 
foregrounds were negligible for k > 2-K/yB where yB is the comoving width of a z-bin. To 
obtain a crude indication of the impact of residual foregrounds, there therefore we adopt the 
rough approximation that all data below some cutoff value /cmin is destroyed by foregrounds 
while the remainder has negligible contamination. We choose /cmin = (1/2/4) x ir/yB for 
the OPT/MID/PESS scenarios, and also explore wider ranges below. 

4.3 Results and discussion 

In this section, we numerically evaluate how the accuracy of cosmological parameter con- 
straints depend on the various assumptions listed above. Where possible, we attempt to 
provide intuition for these dependences with simple analytical approximations. In most 
cases, we explore the dependence on one assumption at a time by evaluating the PESS, 
MID and OPT scenario for this assumption while keeping all other assumptions fixed to 
the baseline MID scenario. 

4.3.1 Varying ionization power spectrum modeling and reionization his- 
tories 

Basic results 

We start with testing assumptions in the ionization power modeling of Pxx and P^s- In 
Table 1^31 we show the accuracy with which the 21cm power spectrum can place constraints 
on the cosmological parameters from three z-bins ranging from z = 6.8 — 8.2. We fix the as- 
sumptions concerning A^max, the foreground removal, and the array layout and specifications, 
but vary the sophistication with which we model the ionization power. 

Our results agree with those of previous studies |159ll40] . i.e. 21cm data alone (except for 
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Table 4.5: How cosmological constraints depend on the ionization power spectrum modeling and reionization history. We assume 
observations of 4000 hours on two places in the sky in the range of 2: = 6.8 — 8.2 that is divided into three z-bins centered at z = 7.0, 
7.5 and 8.0 respectively, /cmax = 2Mpc~^, /cmin = ^-ir/yB and a quasi-giant core configuration (except for FFTT that is a giant core), la 
errors of ionization parameters in the MID model, marginalized over other vanilla parameters, are listed separately in Table 14. 6[ 



Vanilla Alone 





Model 




Aln(f7^ft^) 






A In As 


At 


Aa;H(7.0)^ 


Aa;H(7.5) 


Aa;H(8.0) 


A^k 


Am^ [eV] 


Aa 


LOFAR 


OPT 


0.025 


0.27 


0.44 


0.063 


0.89 










0.14 


0.87 


0.027 




MID 


0.13 


0.083 


0.15 


0.36 


0.80 










0.35 


12 


0.17 


MWA 


OPT 


0.046 


0.11 


0.19 


0.022 


0.37 










0.056 


0.38 


0.013 




MID 


0.22 


0.017 


0.029 


0.097 


0.76 










0.13 


9.6 


0.074 


SKA 


OPT 


0.0038 


0.044 


0.083 


0.0079 


0.16 










0.023 


0.12 


0.0040 




MID 


0.014 


0.0049 


0.0081 


0.012 


0.037 










0.043 


0.36 


0.0060 




OPT 


0.00015 


0.0032 


0.0083 


0.00040 


U.UiO 










0.00098 


0.011 


U.UUUo4 


FFTT 


MID 


0.00041 


0.00038 


0.00062 


0.00036 


0.0013 










0.0037 


0.0078 


0.00017 




PESS 


1.1 


0.017 


0.037 


0.010 


0.19 












0.20 


0.0058 


Planck 




0.0070 


0.0081 


0.0059 


0.0033 


0.0088 


0.0043 








0.025 


0.23 


0.0026 




OPT 


0.0066 


0.0077 


0.0058 


0.0031 


0.0088 


0.0043 


0.0077 


0.0084 


0.0093 


0.0051 


0.060 


0.0022 


+LOFAR 


MID 


0.0070 


0.0081 


0.0059 


0.0032 


0.0088 


0.0043 


0.18 


0.26 


0.23 


0.018 


0.22 


0.0026 




PESS 


0.0070 


0.0081 


0.0059 


0.0033 


0.0088 


0.0043 


0.54 


0.31 


0.24 


0.025 


0.23 


0.0026 




OPT 


0.0067 


0.0079 


0.0057 


0.0031 


0.0088 


0.0043 


0.0065 


0.0067 


0.0069 


0.0079 


0.027 


0.0014 


+MWA 


MID 


0.0061 


0.0070 


0.0056 


0.0030 


0.0087 


0.0043 


0.32 


0.22 


0.29 


0.021 


0.19 


0.0026 




PESS 


0.0070 


0.0081 


0.0059 


0.0033 


0.0088 


0.0043 


3.8 


0.87 


0.53 


0.025 


0.23 


0.0026 




OPT 


0.0031 


0.0038 


0.0046 


0.0013 


0.0087 


0.0042 


0.0060 


0.0060 


0.0060 


0.0017 


0.017 


0.00064 


+SKA 


MID 


0.0036 


0.0040 


0.0044 


0.0025 


0.0087 


0.0043 


0.0094 


0.014 


0.011 


0.0039 


0.056 


0.0022 




PESS 


0.0070 


0.0081 


0.0059 


0.0033 


0.0088 


0.0043 


0.061 


0.024 


0.012 


0.025 


0.21 


0.0026 




OPT 


0.00015 


0.0015 


0.0036 


0.00021 


0.0087 


0.0042 


0.0056 


0.0056 


0.0056 


0.00032 


0.0031 


0.000094 


+FFTT 


MID 


0.00038 


0.00034 


0.00059 


0.00033 


0.0086 


0.0042 


0.0013 


0.0022 


0.0031 


0.00023 


0.0066 


0.00017 




PESS 


0.0055 


0.0064 


0.0051 


0.0030 


0.0087 


0.0043 


0.0024 


0.0029 


0.0040 


0.025 


0.020 


0.0010 


"xniz) denotes the 


mean neutral fraction at the central redshift z. 




and As are 


completely degenerate from the 21cm measurement alone. 


For this 



reason, the errors shown for In^s from 21cm data alone is really not marginalized over xiiiz)'s. 



Table 4.6: la marginalized errors for the ionization parameters in the MID model. As- 
sumptions are made the same as in Table 14.51 i?xx and R^g are in units of Mpc and other 
parameters are unitless. 



z 








AQxx 


A7xx 


» , 'J 


Ai?xi 


AOxi 




Values 


77. 


3.0 


4.5 


2.05 


8.2 


0.143 


28. 




LOFAR 


94 


140 


130 


27 


5.1 


49 


9600 


7.0 


MWA 


20 


43 


43 


8.3 


2.6 


16 


3200 




SKA 


9.1 


9.8 


8.7 


2.0 


0.49 


2.6 


520 




FFTT 


0.59 


0.47 


0.39 


0.098 


0.027 


0.088 


17 




Values 


9.9 


1.3 


1.6 


2.3 


3.1 


0.58 


2. 




LOFAR 


2.2 


55 


18 


73 


1.4 


5.7 


24 


7.5 


MWA 


4.3 


16 


4.9 


22 


1.8 


1.8 


8.1 




SKA 


0.18 


1.7 


0.71 


2.1 


0.076 


0.17 


0.78 




FFTT 


0.0072 


0.027 


0.015 


0.030 


0.0023 


0.0021 


0.012 




Values 


2.12 


1.63 


-0.1 


1.35 


1.47 


0.62 


0.46 




LOFAR 


1.6 


20 


2.1 


34 


1.2 


3.4 


6.9 


8.0 


MWA 


2.7 


13 


4.2 


24 


1.5 


1.6 


2.8 




SKA 


0.085 


0.60 


0.090 


0.90 


0.057 


0.095 


0.24 




FFTT 


0.0017 


0.013 


0.0026 


0.017 


0.0013 


0.0014 


0.0030 



the optimized FFTT) cannot place constraints comparable with those from Planck CMB 
data. However, if 21cm data are combined with CMB data, the parameter degeneracies 
can be broken, yielding stringent constraints on l^k, rriv and a. For example, in the OPT 
model, from LOFAR/MWA/SKA/FFTT combined with Planck, the curvature density fi^ 
can be measured 5/3/15/78 times better, to a precision AJ^k = 0.005/0.008/0.002/0.0003, 
the neutrino mass rriy can be constrained 4/9/14/74 times better to accuracy Am;/ = 
0.06/0.03/0.02/0.003, and running of the scalar spectral index a can be done l/2/4:/2S 
times better, to Aa = 0.002/0.001/0.0006/0.0001. The more realistic MID model yields 
weaker yet still impressive constraints: from SKA/FFTT combined with Planck, can be 
measured 6/109 times better, to Af^k = 0.004/0.0002, rriu 4/35 times better, to Amy = 
0.06/0.007, and a 1/15 times better, to Aa = 0.002/0.0002. The improved measurements 
of and a enable further precision tests of inflation, since generically f^k is predicted 
to vanish down to the 10~^ level, while the simplest inflation models (with a single slow- 
rolling scalar field) predict a ~ (1 — ns)^ ~ 10^^. For example, the inflaton potential 
V{(l)) oc (j)^ predicts a ~ —0.0007, while V^(</>) oc (f)^ predicts a = 0.008. In addition, 21cm 
data combined with CMB data from Planck can make accurate measurements in the mean 
neutral fraction X]i{z) at separate redshifts, outlining the full path of reionization, e.g. at 
the Axh(2) ~ 0.01/0.003 level from SKA/FFTT data combined with Planck data. 
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OPT and MID models 



For most 21cm experiments, the OPT model yields stronger constraints than the MID 
model. The reason is as follows. By assuming Pxx = PxS = 0, there are essentially no 
neutral fraction fluctuations in the OPT model. This means that this model is an ideal 
model in which the 21cm power spectrum encodes cosmological information per se, since 
PatO^) oc ^ss{k) at each pixel in the Fourier space. In the more realistic MID model, 
however, the nuisance ionization parameters has correlations with cosmological parameters. 
Mathematically, the inversion of a correlated matrix multiplies each error by a degradation 
factor. 

An exception is the FFTT, where the situation is reversed. As mentioned in Section 
14. 2. 2^ the sample variance Pat in the MID model is smaller than that in the OPT model 
because of two reasons: (i) the MID model assumes non-zero Pxx and P^s, and P^g has 
negative contribution to the total power spectrum (see Eqs ]4.6l and l4.7p : (ii) the OPT model 
assumes xh = 1, but xn takes realistic values (less than 1) in the MID model, decreasing 
the overall amplitude. In a signal-dominated experiment, reduced sample variance can be 
more important than the degradation from correlations. 

PESS model 

Our results show that even combined with CMB data from Planck, the 21cm data using 
the PESS model cannot significantly improve constraints. There are two reasons for this 
failure. Firstly, the PESS model essentially uses only P^i{k) to constrain cosmology, by 
marginalizing over P^o and P^2. This loses a great deal of cosmological information in 
the contaminated P^o and P^2, in contrast to the situation in the OPT and MID models. 
Secondly, to effectively separate P^i (k) from other two moments, the available Fourier pixels 
should span a large range in /i. Figure [331 shows that in MWA and FFTT, the data set is 
a thin cylinder instead of a sphere. The limitation in ^-range will give large degradation 
factors during the inversion of Fisher matrix. (In the limit that there is only one /u for 
each shell, then the Fisher matrix is singular and the degradation factor is infinite.) These 
two factors work together with the noise level to shrink the useful /c-modes into a rather 
narrow range: as shown in Figure 14-51 A^^^ < only for k = 0.09 — 0.4 Mpc^^ for 
SKA, k = 0.07 - 1 Mpc"^ for FFTT and over zero modes for LOFAR and MWA. 
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[Mpc-i] 

Figure 4-4: Available {k±,^) pixels from MWA (upper left), FFTT (upper right), LO- 
FAR (lower left) and SKA (lower right), evaluated at z = 8. The blue/grey regions can 
be measured with good signal-to-noise from the nucleus and core of an array, while the 
cyan/light-grey regions are measured only with the annulus and have so poor signal-to- 
noise that they hardly contribute to cosmological parameter constraints. 

4.3.2 Varying /cmax 

We test how varying Ajmax affects constraints in this section. The cutoff k^aax depends on 
the scale at which non-linear physics, e.g. the non-linear clustering of density perturbations 
or the irregularities of ionized bubbles, enter the power spectrum. It is illustrated in the 
right panel of Figure 14-61 that generically cosmological constraints asymptotically approach 
a value as A;max increases above ~ 2 Mpc~^ (this typical scale can be larger for cosmic 
variance- limit experiments such as FFTT). Not much cosmological information is garnered 
from these high-A; modes because detector noise becomes increasingly important with k. 
The upshot is that the accuracy only weakly depends on fcmax- 



169 




10-3 III 1 < < < 1 II 

10-1 1 
k[Mpc-i] 



Figure 4-5: Relative la error for measuring ^ssi^) with the PESS model by observing a 
6MHz band that is centered at z = 8 with MWA (red/sohd), LOFAR (blue/short-dashed), 
SKA (green/dotted) and FFTT (cyan/long-dashed). The step size is Alnfc ~ 0.10. 

4.3.3 Varying the non-Gaussianity parameter ^ 

Table 14.21 shows the effect of changing the non-Gaussianity parameter ^ in Section 14.2.41 
from the = 1 (Gaussian) case to ^ = 2 in the PESS scenario, along with changing other 
assumptions. However, there is no need to perform extensive numerical investigation of 
the the impact of since it is readily estimated analytically. Because la errors Api in 
cosmological parameters are {F~^)ii, it follows directly from Eq. (j4.26p that Ap does not 
appreciably depend on ^ for noise dominated experiments like MWA and LOFAR, whereas 
Ap oc with cj < 1 for (nearly) signal dominated experiments like SKA and FFTT. 
Compared with the other effects that we discuss in this section, this (no more than linear) 
dependence on the non-Gaussianity parameter ^ is not among the most important factors. 

4.3.4 Varying redshift ranges 

We now test how accuracies depend on the redshift ranges. In Table 14.71 (OPT model) 
and 14.81 (MID model), we consider the optimistic/middle/pessimistic ranges, z = 6.8 — 10 
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Table 4.7: How cosmological constraints depend on the redshift range in OPT model. Same assumptions as in Table [33] but for different 
redshift ranges and assume only OPT model. 



Vanilla Alone 





z range 




Aln(f7„/i^) 






A in As 


At 


Axh(7.0) Axh(7.5) Axh{8 


.0) Axh(9.2) Af7k 


Arrii, 
[eV] 


Aa 


LOFAR 


6.8-10 
6.8-8.2 
7.3-8.2 


0.021 
0.025 
0.036 


0.20 
0.27 
0.38 


0.34 
0.44 
0.61 


0.049 
0.063 
0.090 


0.67 
0.89 
1.2 












0.086 

0.14 

0.24 


0.75 
0.87 
1.3 


0.023 
0.027 
0.038 


MWA 


6.8-10 
6.8-8.2 
7.3-8.2 


0.037 
0.046 
0.070 


0.072 

0.11 

0.15 


0.14 
0.19 
0.27 


0.016 
0.022 
0.032 


0.25 
0.37 
0.51 












0.031 
0.056 
0.097 


0.31 
0.38 
0.53 


0.011 
0.013 
0.018 


SKA 


6.8-10 
6.8-8.2 
7.3-8.2 


0.0032 
0.0038 
0.0053 


0.031 
0.044 
0.059 


0.061 
0.083 
0.11 


0.0058 
0.0079 
0.011 


0.12 
0.16 
0.21 












0.012 
0.023 
0.042 


0.096 

0.12 

0.17 


0.0032 
0.0040 
0.0054 


FFTT 


6.8-10 
6.8-8.2 
7.3-8.2 


0.00012 
0.00015 
0.00021 


0.0023 
0.0032 
0.0042 


0.0058 
0.0083 
0.011 


0.00030 
0.00040 
0.00052 


0.011 
0.015 
0.019 












0.00045 
0.00098 
0.0021 


0.0073 

0.011 

0.014 


0.00023 
0.00034 
0.00043 


Planck 




0.0070 


0.0081 


0.0059 


0.0033 


0.0088 


0.0043 










0.025 


0.23 


0.0026 


+LOFAR 


6.8-10 
6.8-8.2 
7.3-8.2 


0.0065 
0.0066 
0.0068 


0.0076 
0.0077 
0.0079 


0.0057 
0.0058 
0.0058 


0.0031 
0.0031 
0.0032 


0.0088 
0.0088 
0.0088 


0.0043 
0.0043 
0.0043 


0.0077 
0.0077 


0.0084 
0.0084 
0.0085 


0.0082 
0.0093 
0.0093 


0.0090 


0.0046 
0.0051 
0.0072 


0.051 
0.060 
0.081 


0.0021 
0.0022 
0.0024 


+MWA 


6.8-10 
6.8-8.2 
7.3-8.2 


0.0065 
0.0067 
0.0068 


0.0076 
0.0079 
0.0080 


0.0056 
0.0057 
0.0058 


0.0031 
0.0031 
0.0032 


0.0088 
0.0088 
0.0088 


0.0043 
0.0043 
0.0043 


0.0065 
0.0065 


0.0067 
0.0067 
0.0067 


0.0066 
0.0069 
0.0069 


0.0067 


0.0066 
0.0079 
0.011 


0.023 
0.027 
0.036 


0.0013 
0.0014 
0.0017 


+SKA 


6.8-10 
6.8-8.2 
7.3-8.2 


0.0027 
0.0031 
0.0039 


0.0035 
0.0038 
0.0047 


0.0045 
0.0046 
0.0049 


0.0012 
0.0013 
0.0017 


0.0087 
0.0087 
0.0087 


0.0042 
0.0042 
0.0042 


0.0060 
0.0060 


0.0060 
0.0060 
0.0060 


0.0060 
0.0060 
0.0060 


0.0060 


0.0016 
0.0017 
0.0020 


0.015 
0.017 
0.019 


0.00061 
0.00064 
0.00075 


+FFTT 


6.8-10 
6.8-8.2 
7.3-8.2 


0.00013 
0.00015 
0.00020 


0.0014 
0.0015 
0.0016 


0.0033 
0.0036 
0.0038 


0.00019 
0.00021 
0.00023 


0.0087 
0.0087 
0.0087 


0.0042 
0.0042 
0.0042 


0.0054 
0.0056 


0.0054 
0.0056 
0.0057 


0.0054 
0.0056 
0.0057 


0.0054 


0.00026 
0.00032 
0.00040 


0.0025 
0.0031 
0.0038 


0.000078 
0.000094 
0.00011 



Table 4.8: How cosmological constraints depend on the redshift range in MID model. Same assumptions as in Table [33] but for different 
redshift ranges and assume only MID model. 



Vanilla Alone 





z range 




Aln(f7„/i^) 




AtIs 


A in As 


At 


Axh(7.0) Axh(7.5) Axh{8 


.0) A2:h(9.2) Af7k 


Ami, 
[eV] 


Aq 


LOFAR 


6.8-10 
6.8-8.2 
7.3-8.2 


0.090 

0.13 

0.21 


0.055 
0.083 
0.099 


0.093 

0.15 

0.15 


0.18 
0.36 
0.42 


0.43 
0.80 
0.81 












0.22 
0.35 
0.62 


5.7 

12 
15 


0.080 

0.17 

0.18 


MWA 


6.8-10 
6.8-8.2 
7.3-8.2 


0.15 
0.22 
0.40 


0.012 
0.017 
0.018 


0.020 
0.029 
0.030 


0.031 
0.097 
0.099 


0.46 
0.76 
1.0 












0.092 

0.13 

0.32 


4.4 
9.6 
18 


0.025 
0.074 
0.083 


SKA 


6.8-10 
6.8-8.2 
7.3-8.2 


0.010 
0.014 
0.018 


0.0031 
0.0049 
0.0050 


0.0056 
0.0081 
0.0081 


0.0073 

0.012 

0.013 


0.023 
0.037 
0.039 












0.031 
0.043 
0.072 


0.23 
0.36 
0.41 


0.0032 
0.0060 
0.0063 


FFTT 


6.8-10 
6.8-8.2 
7.3-8.2 


0.00029 
0.00041 
0.00050 


0.00021 
0.00038 
0.00039 


0.00043 
0.00062 
0.00062 


0.00025 
0.00036 
0.00037 


0.00097 

0.0013 

0.0013 












0.0020 
0.0037 
0.0058 


0.0055 
0.0078 
0.0083 


0.00011 
0.00017 
0.00018 


Planck 




0.0070 


0.0081 


0.0059 


0.0033 


0.0088 


0.0043 










0.025 


0.23 


0.0026 


+LOFAR 


6.8-10 
6.8-8.2 
7.3-8.2 


0.0069 
0.0070 
0.0070 


0.0080 
0.0081 
0.0081 


0.0058 
0.0059 
0.0059 


0.0032 
0.0032 
0.0032 


0.0088 
0.0088 
0.0088 


0.0043 
0.0043 
0.0043 


0.18 
0.18 


0.26 
0.26 
0.27 


0.15 
0.23 
0.23 


0.23 


0.017 
0.018 
0.023 


0.22 
0.22 
0.22 


0.0026 
0.0026 
0.0026 


+MWA 


6.8-10 
6.8-8.2 
7.3-8.2 


0.0056 
0.0061 
0.0061 


0.0065 
0.0070 
0.0071 


0.0054 
0.0056 
0.0056 


0.0029 
0.0030 
0.0030 


0.0087 
0.0087 
0.0087 


0.0043 
0.0043 
0.0043 


0.32 
0.32 


0.22 
0.22 
0.25 


0.091 

0.29 

0.29 


0.36 


0.020 
0.021 
0.024 


0.11 
0.19 
0.19 


0.0025 
0.0026 
0.0026 


+SKA 


6.8-10 
6.8-8.2 
7.3-8.2 


0.0025 
0.0036 
0.0036 


0.0027 
0.0040 
0.0041 


0.0038 
0.0044 
0.0044 


0.0023 
0.0025 
0.0025 


0.0087 
0.0087 
0.0087 


0.0042 
0.0043 
0.0043 


0.0094 
0.0094 


0.014 
0.014 
0.015 


0.0075 

0.011 

0.011 


0.024 


0.0032 
0.0039 
0.0053 


0.033 
0.056 
0.056 


0.0020 
0.0022 
0.0023 


+FFTT 


6.8-10 
6.8-8.2 
7.3-8.2 


0.00033 
0.00038 
0.00041 


0.00021 
0.00034 
0.00035 


0.00043 
0.00059 
0.00059 


0.00024 
0.00033 
0.00033 


0.0086 
0.0086 
0.0086 


0.0042 
0.0042 
0.0042 


0.0013 
0.0013 


0.0022 
0.0022 
0.0022 


0.0030 
0.0031 
0.0031 


0.0040 


0.00020 
0.00023 
0.00024 


0.0052 
0.0066 
0.0070 


0.00011 
0.00017 
0.00017 
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Figure 4-6: How cosmological constraints An^ depend on /cmin (left panel) and /cmax (right 
panel) in the MID model with the 21cm experiments MWA (red/solid), LOFAR (blue/short- 
dashed), SKA (green/dotted) and FFTT (cyan/long-dashed). We plot An^ in this example 
because it has the strongest dependence on A^min and fcmax of all cosmological parameters. 
The quantity 2ti /yB varies between different z-bins, so as the horizontal axis of the left 
panel, we use the overall scale Kmm = ^min x {yB/2-K) which is equal for all z-bins, 

/ 6.8 — 8.2 / 7.3 — 8.2 which is divided by = 4/3/2 z-bins. The results show that, from 
21cm data alone, the constraints from the extreme ranges differ significantly (a factor of 5 
for Ar^k). Therefore, the sensitivity of a 21cm telescope depends strongly on the frequency 
range over which it can observe the signal. 

4.3.5 Optimal configuration: varying array layout 

In this section we first investigate how array layout affects the sensitivity to cosmological 
parameters. Next, we investigate the optimal array configuration for fixed antennae number. 
Our parametrization of the array configuration is discussed in Section I4.2.7[ 

We map the constraint in m^, on the Rq~R\^ plane in Figure l^Tl (OPT model) and Figure 
14-81 (MID model). Rq is the radius of the compact core, and i?in the radius of inner core, 
both in the unit of R^'''' = ^NiJpqtt. Note that if i?o = R^""^ then R,^ = ~ this is 
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Figure 4-7: la error for rriiy marginalized over vanilla parameters for various configuration 
(Ro, R) of LOFAR(left panel), MWA(middle panel) and SKA(right panel). We made the 
same assumptions here as in Table 1^31 but assume only OPT model. 




Figure 4-8: Same as Figure [¥n but for MID model. Figures are for LOFAR(left panel), 
MWA(middle panel) and SKA(right panel). 

the case of a "giant core", in which all antennae are compactly laid down with a physical 
covering fraction close to unity, and is represented by the x-axis in the Rq-Ri^ plane (the 
value of i?o is meaningless if i?in = i?™^^). In Table WM. we list the optimal configuration 
that is indicated by Figure 14-71 and l4-8i The compactness of an array is represented by 
Rin/Ro^^^, since R"^^^ is the minimum of Rin. In comparison, Rq/R^^^ does not indicate 
the compactness, since a slow fall-off configuration with a small Rq is effectively very close 
to a giant core. Rather, Rq is a transition point from a flat compact core to the fall-off 
region. Note that we have three configuration parameters Rq, i?in and i?out- We find the 
annulus for SKA and LOFAR to make almost no difference to the cosmological constraints, 
and therefore focus on how to optimize only the remaining two parameters Rq and Rin- 

Table 1^9] shows that the optimal layout for OPT model is close to a giant core, with the 
inner core much smaller than the previously proposed. For MID model, LOFAR and SKA 
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Table 4.9: Optimal configuration for various 21cm interferometer arrays. Same assumptions 
as in Table 14.51 but for different array layout. Rf^"^ is the previously proposed inner core 
radius, rj is the ratio of the number of antennae in the nucleus to the total number inside 
the core, n is the fall-off index by which p oc r"" outside the nucleus. 





Experiment 


(m) 


-Ro 

(xi^fT"") 


^in 

(xi^fT"") 


^prop 

mQ 


V 


n 


Comments 




LOFAR 


319 


0.84 


1.28 


1000 


0.71 


6.0 


Almost a giant core 


OPT 


MWA 


50 


0.64 


2.41 


750 


0.41 


3.0 


Close to a giant core 




SKA 


211 


0.30 


1.56 


1000 


0.09 


0.83 


Almost a giant core 




LOFAR 


319 


0.84 


1.28 


1000 


0.71 


6.0 


Almost a giant core 


MID 


MWA 


50 


0.45 


10 


750 


0.20 


2.3 


Both a large nucleus and 
a wide-spread core 




SKA 


211 


0.68 


1.57 


1000 


0.46 


2.9 


Almost a giant core 



"Note that for LOFAR and SKA there is an outer core with the radius 6 km and 5 km respectively. So 
for them Rin is not the size of total array. 



still favors the quasi-giant-core layout, but MWA favors a large core whose radius is about 
the size that was previously proposed. The accuracies in rrii, varies in the OPT model by a 
factor of 3 for LOFAR, 1.4-1.5 for MWA and SKA, and in the MID model by a factor of 3 
for LOFAR, 1.3 for MWA and 2.2 for SKA. This means that an optimal configuration can 
improve the constraints by a factor up to 3 in noise dominated experiments, and up to 2 
times in signal dominated experiments. 

The plots have three interesting features. First, the configuration of a quasi-giant core is 
generically favored. The reason for this is that the noise on the temperature in an observing 
cell with u± is inversely proportional to the square root of the number of baselines that 
probe this u±. A compact array increases the number of baselines that probe small u±, 
reducing the overall noise level on these modes. Second, a couple of the upcoming 21 cm 
experiments favor the configuration that is close but not identical to a giant core. The 
reason for this is because arrays become sample variance-limited once they have a certain 
number of baselines that probe a given u±. A simple estimate on the signal-to-noise ratio 
for a compact MWA shows that on average ^55/ Pn 5 at the A; ~ 0.1 Mpc"^ and 
^ss/Pn ^ 1/40 at the k ~ 0.7 Mpc~^. Although moving more antennae to the center 
can increase the signal-to-noise, the error cannot be reduced as much if modes are already 
dominated by signal. Third, in the MID model, MWA favors a less compact core. This 
fact is due to the mixing between cosmological and ionization parameters. Remember 
that the off-diagonal elements in the Fisher matrix are proportional to the magnitude of 
ionization power spectra — the smaller the magnitude, the smaller degradation factor and 
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Table 4.10: How cosmological constraints depend on collecting areas in the OPT model. 
Same assumptions as in Table 14.51 but for different collecting areas and assume only 
OPT model. The exponent /3 tells the rule of thumb of the jdg-dependence of marginalized 
errors Ap, assuming Ap tx (Af.)^. 





A J ATI 








Arts 


A In As 




2.0 


0.020 


0.24 


0.40 


0.048 


0.80 


LOFAR 


1 


0.025 


0.27 


0.44 


0.063 


0.89 




0.5 


0.039 


0.40 


0.62 


0.10 


1.3 




13 


-0.48 


-0.37 


-0.32 


-0.53 


-0.35 




2.0 


0.057 


0.11 


0.22 


0.021 


0.41 


MWA 


1 


0.046 


0.11 


0.19 


0.022 


0.37 




0.5 


0.042 


0.11 


0.19 


0.027 


0.37 






0.22 





0.11 


-0.18 


0.07 




2.0 


0.0027 


0.048 


0.099 


0.0077 


0.19 


SKA 


1 


0.0038 


0.044 


0.083 


0.0079 


0.16 




0.5 


0.0043 


0.043 


0.076 


0.0089 


0.15 




13 


-0.34 


0.08 


0.19 


-0.10 


0.17 




2.0 


0.00014 


0.0031 


0.0082 


0.00037 


0.015 


FFTT 


1 


0.00015 


0.0032 


0.0084 


0.00040 


0.015 




0.5 


0.00017 


0.0035 


0.0086 


0.00046 


0.016 




f3 


-0.14 


-0.09 


-0.03 


-0.16 


-0.05 



"AT refers to the fiducial values assumed in Table \4A\ and are not the same for different arrays. 



the more accurate is the cosmological parameter measurement. Figure [4^ illustrates that 
the ionization power spectrum generically falls off at large k such that a relatively large 
core, which is more sensitive to these large k, may actually improve parameter constraints. 
This factor appears to be important for MWA because, as Figure l44l shows, a compactified 
MWA only occupies a rather narrow band in fc-space. This means that MWA has to expand 
significantly in order to use much more large k modes. 

It came to our attention that Lidz et al. [145j performed an analysis of the optimal 
configuration for MWA. Lidz et al. [145j concludes that the optimal layout for MWA is a 
giant core. This conclusion is slight different than ours; we find a compact but not exactly 
a giant core is optimal for MWA. The work in |145j defines the optimal configuration to be 
the configuration that maximizes the total signal-to-noise, while our definition is based on 
parameter constraints. In addition, the conclusion in [145] is based on the comparison of a 
giant core array configuration to one without a giant core, while we investigate a range of 
plausible configurations. It should be pointed out that both approaches should be tested 
with detailed simulations. 
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Table 4.11: How cosmological constraints depend on collecting areas in the MID model. 
Same assumptions as in Table 14.51 but for different collecting areas and assume only 
MID model. The exponent /3 tells the rule of thumb of the jdg-dependence of marginalized 
errors Ap, assuming Ap oc (Af.)^. 





AJAT 






Aln(n6/!,^) 


Alls 


A In As 




2.0 


0.086 


0.044 


0.072 


0.15 


0.35 


LOFAR 


1 


0.13 


0.083 


0.15 


0.36 


0.80 




0.5 


0.26 


0.17 


0.35 


0.92 


2.0 






-0.80 


-0.98 


-1.1 


-1.3 


-1.3 




2.0 


0.21 


0.015 


0.025 


0.073 


0.61 


MWA 


1 


0.22 


0.017 


0.029 


0.097 


0.76 




0.5 


0.26 


0.026 


0.045 


0.16 


1.3 






-0.15 


-0.40 


-0.42 


-0.57 


-0.55 




2.0 


0.013 


0.0049 


0.0079 


0.0092 


0.032 


SKA 


1 


0.014 


0.0049 


0.0081 


0.012 


0.037 




0.5 


0.016 


0.0063 


0.011 


0.022 


0.053 






-0.15 


-0.18 


-0.24 


-0.63 


-0.36 




2.0 


0.00036 


0.00037 


0.00061 


0.00032 


0.0012 


FFTT 


1 


0.00041 


0.00038 


0.00062 


0.00036 


0.0013 




0.5 


0.00052 


0.00041 


0.00066 


0.00046 


0.0016 






-0.27 


-0.07 


-0.06 


-0.26 


-0.21 



4.3.6 Varying collecting area 

The survey volume and the noise per pixel are both affected by changing the collecting area 
Ag because the solid angle a survey observes is « X^/Ae and oc l/A^ (Eq. gJS])). 
For noise-dominated experiments, 6 Pat /Pat cx; P^ /\fWc oc A'^'^ / s/a^ = Ae^^'^ ^ and, 
for signal-dominated experiments, 6Pat/ Pat oc l/yT^ oc Ae ■ If we parametrize the 
scaling of the error on a cosmological parameter as Ap oc (A^)^, we have —1.5 < (3 < 0.5. 
A caveat is FFTT which has fixed Q. = 27r, so SPat/ Pat A^ (signal dominated) or 
6Pat/Pat oc (noise dominated). Since nearly signal dominated, /3 < for FFTT. 

We show how collecting area affects the accuracy in Table BTTU] (OPT model) and 14.11] 
(MID model). In the OPT model, it appears that (3 « -0.4 for LOFAR, < 0.2 for 

MWA, < 0.3 for SKA, and /3 0.1 for FFTT. In the MID model, it appears that 

(3 1.3 for LOFAR, f3 0.5 for MWA, (3 0.6 for SKA, /3 0.3 for FFTT. These 

exponents are compatible with the above arguments. The upshot is that varying Ae does 
not significantly affect parameter constraints. 

4.3.7 Varying observation time and system temperature 

The detector noise is affected by changing the observation time and system temperature. 
From Eq. ()4.33p . the noise P^ oc T^yjto. Therefore, for noise dominated experiments, 
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Table 4.12: How cosmological constraints depend on observation time in the OPT model. 
Same assumptions as in Table 14.51 but for different observation time to and assume only 
OPT model. The exponent e tells the rule of thumb of the to-dependence of marginalized 
errors Ap, assuming Ap oc {to)~^. to is in units of 4000 hours. 





to 




Aln(n™/i^) 






A In As 




4.0 


0.014 


0.17 


0.28 


0.034 


0.56 


LOFAR 


1 


0.025 


0.27 


0.44 


0.063 


0.89 




0.25 


0.055 


0.56 


0.88 


0.14 


1.8 




e 


0.49 


0.43 


0.41 


0.51 


0.42 




4.0 


0.040 


0.081 


0.16 


0.015 


0.29 


MWA 


1 


0.046 


0.11 


0.19 


0.022 


0.37 




0.25 


0.059 


0.15 


0.27 


0.038 


0.52 




e 


0.14 


0.22 


0.19 


0.34 


0.21 




4.0 


0.0019 


0.034 


0.070 


0.0054 


0.13 


SKA 


1 


0.0038 


0.044 


0.083 


0.0079 


0.16 




0.25 


0.0060 


0.061 


0.11 


0.013 


0.21 




e 


0.41 


0.21 


0.16 


0.32 


0.17 




4.0 


0.00014 


0.0031 


0.0082 


0.00037 


0.015 


FFTT 


1 


0.00015 


0.0032 


0.0084 


0.00040 


0.015 




0.25 


0.00017 


0.0035 


0.0086 


0.00046 


0.016 




e 


0.07 


0.04 


0.02 


0.08 


0.02 



Table 4.13: How cosmological constraints depend on observation time in the MID model. 
Same assumptions as in Table 14.51 but for different observation time to and assume only 
MID model. The exponent e tells the rule of thumb of the tg-dependence of marginalized 
errors Ap, assuming Ap oc (to)"'^. to is in units of 4000 hours. 





to 






Aln(t7t,/i^) 


Aws 


A in As 




4.0 


0.061 


0.031 


0.051 


0.11 


0.25 


LOFAR 


1 


0.13 


0.083 


0.15 


0.36 


0.80 




0.25 


0.36 


0.24 


0.50 


1.3 


2.9 




e 


0.64 


0.74 


0.82 


0.89 


0.88 




4.0 


0.15 


0.010 


0.017 


0.052 


0.43 


MWA 


1 


0.22 


0.017 


0.029 


0.097 


0.76 




0.25 


0.36 


0.037 


0.064 


0.23 


1.8 




e 


0.32 


0.47 


0.48 


0.54 


0.52 




4.0 


0.0089 


0.0035 


0.0056 


0.0065 


0.022 


SKA 


1 


0.014 


0.0049 


0.0081 


0.012 


0.037 




0.25 


0.023 


0.0090 


0.015 


0.031 


0.075 




e 


0.34 


0.34 


0.36 


0.56 


0.44 




4.0 


0.00036 


0.00037 


0.00061 


0.00032 


0.0012 


FFTT 


1 


0.00041 


0.00038 


0.00062 


0.00036 


0.0013 




0.25 


0.00052 


0.00041 


0.00066 


0.00046 


0.0016 




e 


0.13 


0.04 


0.03 


0.13 


0.10 
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5Pat/Pat / \/Wc oc Tgyg/to, and for signal dominated experiments, 5Pat/Pat cx; 

oc (T^yjtof. Assuming that errors in cosmological parameter Ap cx {T^ys/^oY^ '^^ 
have < e < 1. 

Since T^yg and t^^ shares the same exponent, we evaluate the e by varying only to in 
Table HTT2] (OPT model) and 14.13] (MID model). It appears that in average e ~ 0.5 for 
LOFAR, e ~ 0.3 for MWA, e ~ 0.3 for SKA, e < 0.1 for FFTT in the OPT model, and 
e ~ 0.8 for LOFAR, e ~ 0.5 for MWA, e ~ 0.4 for SKA, e < 0.1 for FFTT in the MID model. 
These exponents are compatible with the expected < e < 1 from the above argument. The 
upshot is that the order unity changes in Tsys and to play a marginal role in the accuracy 
for future signal-dominated experiments. 

4.3.8 Varying foreground cutoff scale k^i^^ 

Finally, we test how accuracy is affected by varying k^^m above which foregrounds can be 
cleaned from the signal. One expect that the constraints tend to approach asymptotic 
values at small enough fcmin- However, the most effectively constrained modes are at small 
k {k 0.1 Mpc"^) for noise dominated experiments, while the contributions from larger 
k modes are more important for cosmic variance-limit experiments. This means that k^ai^ 
affects the noise dominated experiments most. Left panel of Figure 14-61 illustrates this 
by plotting cosmological constraints as a function of the relative minimum cutoff Kmin = 
^min X y{z)B{z) /2ti which is a constant scale factor for all z-bins by definition. The slopes 
at Kmin = 1 are rather large for MWA (varying from Kmin = 0.5 to 2, Arig = 0.032 to 0.39, 
about 10 times larger). For a signal dominated experiment like SKA, the constraints can 
be off by a factor of 3, or FFTT by a factor of 1.6. This suggests that in general /cmin is 
among top factors to affect cosmological constraints. 

4.4 Conclusion &; outlook 

4.4.1 Which assumptions matter most? 

In Section [4.31 we have quantified how cosmological parameter measurement accuracy de- 
pends on assumptions about ionization power modeling, reionization history, redshift range, 
experimental specifications such as the array configuration, and astrophysical foregrounds. 
We now return to the overarching question from Section 14.11 that motivated our study: 
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All OPT All PESS All , 

OPT MID PESS (Planck+FFTT) 

Figure 4-9: Cartoon showing how cosmological parameter measurement accuracy depends 
on various assumptions. The cases labeled merely "PESS" or "OPT" have the PESS/OPT 
ionization power spectrum modeling with MID assumptions for everything else. 

among these assumptions, which make the most and least difference? 

To quantify this, we consider two of the parameters for which 21cm tomography has the 
most potential for improving on Planck CMB constraints based on our estimates: ilk and 
m^. Figure [131 shows A$7k based on data from Planck plus SKA as well as Amjy from Planck 
plus FFTT. Varying the ionization power modeling from PESS to OPT models improves the 
constraints on these two parameters by a factor of 6-15. From 21cm data alone in the OPT 
model, the optimal array configuration can affect accuracies up to a factor 3 (Figure [4-7p . 
redshift ranges affect it by up to a factor of 5 (Table and residual foregrounds affect it 
by up to a factor of 10 (Figure [4-61 l^ft panel). In summary, the assumptions can be crudely 
ordered by importance as ionization power modeling S> foregrounds ~ redshift ranges ~ 
array layout > ylg ~ Tgys ~ to ~ ^max ~ non-Gaussianity. 

4.4.2 Outlook 

We have investigated how the measurement of cosmological parameters from 21 cm to- 
mography depends on various assumptions. We have found that the assumptions about 
how well the reionization process can be modeled are the most important, followed by the 
assumptions pertaining to array layout, IGM evolution, and foreground removal. 

Our results motivate further theoretical and experimental work. On the theoretical side, 
it will be valuable to develop improved EoR data analysis techniques. The OPT approach is 
restricted to when neutral fraction fluctuations are not important, which is not an accurate 
approximation during the EOR. On the other hand, although the PESS approach is in 
principle insensitive to our poor understanding of reionization by marginalizing over it, in 

180 



practice this approach destroys too large a fraction of the cosmological information to be 
useful. Hopefully more detailed EoR simulations will enable our MID approach to be further 
improved into a phenomenological parametrization of our ignorance that is robust enough 
to be reliable, yet minimizes the loss of cosmological information. Q 

On the experimental side, there are numerous complications that are beyond the scope of 
this chapter, but that are important enough to deserve detailed investigation in future work. 
To what extent can radio- frequency interference be mitigated, and to what extent does it 
degrade cosmological parameter accuracy? This is particularly important for instruments in 
densely populated parts of the world, such as LOFAR. To what extent is the subtraction of 
the foreground point sources hampered the complicated off-center frequency scaling of the 
synthesized beam? To what extent does the dramatic variation of the synchrotron brightness 
temperature across the sky affect our results and optimal array design? Performing a 
realistic end-to-end simulation of possible experiments (from sky signal to volts and back) 
should be able to settle all of these issues. 

These are difficult questions, but worthwhile because the potential for probing fun- 
damental physics with 21 cm tomography is impressive: a future square kilometer array 
optimized for 21 cm tomography could improve the sensitivity of the Planck CMB satellite 
to spatial curvature and neutrino masses by up to two orders of magnitude, to Arj^ 0.0002 
and Anil, « 0.007 eV, and detect at 4c7 the running of the spectral index predicted by the 
simplest inflation models. 

We wish to thank Judd Bowman, Jacqueline Hewitt and Miguel Morales for helpful 
discussions and comments. YM thanks Yi Zheng for technical help. 



* It is also possible to constrain cosmological parameters using lensing of 21cm fluctuations |273l 11641 
[B51E7H] . 
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4. A goodness of fit in the MID model 



In this appendix, we elucidate some issues in separating cosmological information from 
astrophysics in the MID model, and give the goodness-of-fit test. 

The parametrization of ionization power spectra is based on the assumption that these 
power spectra are smooth functions of k, and therefore can be parametrized with as many 
parameters as necessary to fit the data at some accuracy. However, the separation of 
cosmology from astrophysics implicitly depends on another assumption that the shapes of 
ionization power spectra are distinguishable from that of matter power spectrum, since one 
can only measure the total 21cm power spectrum. Albeit sometimes the shape may be 
similar at small k (see the plateaus in the ratios of power spectra in Figure . the slope 
and amplitude of ionization power spectrum at the fall-off region can in principle distinguish 
nuisance functions from the matter power spectrum, determine the overall amplitude, and in 
return use the data at small k to further constrain the nuisance parameters that correspond 
to the amplitudes. 

There are standard statistical methods for testing whether the parametrization is suc- 
cessful. We now give a compact description of the goodness-of-fit test, and refer interested 
readers to |271j for a useful review on the statistics. We want to test the hypothesis Hq that 
the parametrization with fitting parameter values is an accurate account of the ionization 
power spectra. The parameter vector to be fitted is = (Aj = 1, . . . , Np),l3a (a = 1, . . . , nion)), 
where Np and nion are the number of cosmological and ionization parameters, respectively. 
The observed data vector is y = (yi, • • • , ?/Ar) where yi = PatO^i) at each pixel kj la- 
beled by i = 1,...,A'^, where is the total number of pixels. Assuming the Gaus- 
sian statistic in the measurements, the corresponding vector F for the expected value 
is F(ki;e) = i^ss - 2^^s + »^^) + 2(^55 - + =!^5<5/, and the variance is 

a1 = (5PAT(kj))2 = ;^[PAT(ki) + PNikii.)?- We can now compute x^- 

X\e) = (y - F(e)f C-i(y - F(e)) , (4.34) 

where C is the covariance matrix. If each measurement yi is independent, then C becomes 
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diagonal with Ca 



= cr: 



f . Then Eq. (j4.34p is simphfied to be 



N 



b,-F(k,;e)]^ 



x\Q) = E 



(4.35) 



1=1 



We can define the p- value as the probability, under the assumption of the hypothesis Hq, 
of obtaining data at least as incompatible with Hq as the data actually observed. So 



where fiz^n^) is the probability density function (p.d.f.) with Ud degrees of freedom 
rid = N — i^p + '^ion)- Values of the p-d.f. can be obtained from the CERNLIB routine 
PROB [279]. To set the criterion, a fit is good if p > 0.95, i.e. the real data fit the 
parametrization better than the 95% confidence level. 




'OO 



(4.36) 
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Chapter 5 



Conclusions 

We set out in this thesis to use the avalanche of new astrophysical data to shed hght on the 
fundamental laws of physics involving gravitation and cosmology. 

5.1 Summary of results 

We have generalized tests of GR to allow the testing of assumptions that are normally not 
questioned, for example whether a type of space-time distortion known as torsion exists, and 
whether the gravitational Lagrangian contains extra terms that are general functions of the 
Ricci scalar and could affect cosmic expansion and structure formation. Specifically, using 
symmetry arguments, we have generalized the Parametrized Post-Newtonian formalism 
by parametrizing any torsion field around a uniformly rotating spherical mass with seven 
dimensionless parameters that provide a concrete framework for further testing GR. Using 
the fact that torsion could in principle affect precession of a gyroscope in Earth orbit, we 
have shown that the ongoing satellite experiment Gravity Probe B can in principle measure 
the values of torsion parameters to an unprecedented accuracy of one part in ten thousand. 

Testing gravity in a separate direction, we have searched for viable theories of f{R) 
gravity, and find that models can be made consistent with solar system constraints either by 
giving the emergent scalar a high mass or by exploiting the chameleon effect. Furthermore 
we have explored observational constraints from the late-time cosmic acceleration, big bang 
nucleosynthesis and inflation. 

In looking for precision tests of cosmological models, we have demonstrated that twenty- 
one-centimeter tomography has the potential to become one of the most promising cosmo- 
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logical probes. Upcoming experiments such as MWA, LOFAR, 21CMA and SKA will map 
neutral hydrogen throughout the universe in 3D by measuring the 21 cm radio waves that 
neutral hydrogen atoms emit. To help optimize such observations, we have quantified how 
the precision with which cosmological parameters can be measured depends on a broad 
range of assumptions, enabling experimentalists to exploit design tradeoffs to maximize the 
scientific bang for the buck. We have also presented an accurate yet robust method for 
measuring cosmological parameters in which the ionization power spectra can be accurately 
fit by seven phenomenological parameters. We find that a future square kilometer array 
optimized for 21 cm tomography has great potential, improving the sensitivity to spatial 
curvature and neutrino masses by up to two orders of magnitude, to Ailk ~ 0.0002 and 
Anil, ~ 0.007 eV, and giving a Aa detection of the spectral index running predicted by the 
simplest infiation models. 



5.2 Looking ahead 

One particularly interesting direction for future gravitational studies is to constrain parametrized 
departures from the GR-based standard cosmological model by testing GR on the scale of 
the cosmos. This is timely, with current and upcoming precision cosmological experiments 
involving CMB anisotropy and polarization, large scale structure surveys, etc. It would 
be valuable to develop a solid and general cosmological Parametrized Post-Friedmannian 
(PPF) framework, and to constrain the values of PPF parameters with cosmological exper- 
iments. 

As a rising star in precision cosmology, 21cm tomography raises many important open 
questions worth pursuing. For example, it will be useful to develop a new data analysis 
method that enhances the signal-to-noise at the epoch of reionization, by optimally ex- 
tracting cosmologically dependent information from the total 21cm power spectrum that 
is contaminated by ionized hydrogen bubbles during the FOR. Foregrounds generated by 
synchrotron radiation and other sources are a serious challenge to 21cm observation. Unpo- 
larized foregrounds have been quantified by de Oliveira-Costa et al. [71], and can hopefully 
be adequately removed by exploiting the smooth dependence of the foreground power spec- 
trum on frequency. Polarized foregrounds should be non-Gaussian, which can hopefully 
be used to further improve foreground removal. Improving the technique of optimal fore- 

186 



ground removal will remain at the frontier of 21cm observations. In the long run, assuming 
that solutions to technical difficulties can be found, 21cm observations will carry unique 
information pertaining to structure formation and the dark ages, and will therefore reveal 
much about particle physics and gravitation. Thus, efforts will be well-rewarded to improve 
foreground removal techniques and thermal noise reduction, since foreground and noise are 
among the most serious impediments to present observations of 21cm signal from the dark 
ages. 

As a complement to 21cm tomography, further theoretical study should be devoted 
to the numerical modeling of reionization. Larger N-body hydrodynamic simulations are 
a powerful tool in the search for the signature that galaxy formation imprints on patchy 
reionization. In particular, simulations need to trace how ionizing photons (either ultraviolet 
photons from stars or x-rays from black holes) propagate through the surrounding gas, a 
process that is critical to the forecasting of what can be seen in observations. 

In conclusion, astrophysics can link extraterrestrial observations to fundamental physics. 
The results in this thesis suggest that this exciting link can be made even stronger in the 
future. 
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